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Mean-field resonating-valence-bond theory for unpaired p-electrons
in benzenoid carbon species

O. Ivanciuc, L. Bytautas,a) and D. J. Kleinb)

Texas A&M University at Galveston, Galveston, Texas 77553-1675

~Received 25 May 2001; accepted 21 December 2001!

A qualitative resonance-theoretic view is presented for the description of a variety of conjugated
p-network species identified with ‘‘subgraphs’’~either finite or infinite! of the graphite network.
Within the framework of this resonance theory, simple rules are described to provide qualitative
information: On ground-state spin multiplicities; on patterns of ground-state spin density; and on
exchange splittings to low-lying ‘‘spin-flipped’’ excited states. Beyond ordinary benzenoid
molecules, illustrative applications are noted to a diversity of extended species, including:
Differently structured edges on semi-infinite graphite; corner structures where edges along different
directions meet; conjugated polymer-strip ends; and local defect vacancy structures in extended
graphite. The variety of simple resonance-theoretic predictions are compared against a
semiempirical unrestricted Hartree–Fock view of some quantitative tight-binding
molecular-orbital-theoretic computations. Agreement in predictions from the resonance- and
band-theoretic viewpoints is taken to engender reliability of the so coincident predictions. A
traditional organic chemical resonance-theoretic view is thence conveniently reformulated and
brought to bear on several extended nano-structured systems to reveal systematic patterns of
p-electronic behavior. ©2002 American Institute of Physics.@DOI: 10.1063/1.1450547#
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I. INTRODUCTION

The nature ofp-electron networks has long been of i
terest, in providing the prototypical case of delocalized bo
ing, where there is more than one classical valence struc
to describe the molecule. Indeed it was emphasized e
before quantum mechanics that the structures of many
zenoid species were to be described simultaneously by a
of valence structures, without the compound exhibiting pr
erties characteristic of what would have been surmised f
classical mixture. Perhaps this was most clearly said
Armit and Robinson,1 but soon thereafter Pauling an
Wheland2 developed a quantum-mechanically bas
‘‘valence-bond’’~VB! approach to the phenomenon. But fu
ther they simplified2 the result to a ‘‘resonance theory’’ mak
ing use just of the VB structures with a maximal degree
bonding and closely allied with the classical view. Th
Pauling3 went on to utilize an even simpler qualitative ‘‘enu
merative resonance theory’’ as one of several new tools
understand a vast range of molecular structures, all as
pounded in his masterworkThe Nature of the Chemica
Bond. And Wheland focused4 on conjugatedp-networks in
organic chemistry, which is perhaps the most successful
of resonance theory, typically in a quite qualitative mann
And more recently Clar5 developed the qualitative theory i
terms of his ‘‘aromatic sextet.’’

Most of this resonance-theoretic work on conjuga
p-networks has concerned nonradical species. But in
one might imagine that this approach should be even m
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relevant in dealing with poly-radicals where the exchan
coupling between weakly paired electrons is central in ch
acterizing these systems. Notably such poly-radical spe
have recently become of much interest in the area of ‘‘m
lecular magnetism.’’6,7 When mixed ionicity or mixed va-
lence is not dynamically involved one may often view t
system as made up of interacting localized spins, an
Heisenberg-model description applies, most simply with j
near-neighbor exchange couplings. Notably in physics th
has been an on-going focus on such Heisenberg mode
describe magnetic properties. Amusingly the Paulin
Wheland VB model2 for conjugated hydrocarbons is in fac8

naught but a Heisenberg spin Hamiltonian~though usually
described in a somewhat different manner than is usu
done in the physics literature on magnetism!. It is perhaps
surprising that the methods of the physics of magnetism t
have not been extensively utilized in dealing with such
ganic conjugated molecules. But as it turns out the solut
techniques developed in the traditional physics literature b
apply to Heisenberg models for different structural circu
stances, of high ‘‘coordination number’’~and with antiferro-
magnetically signed interactions for cases of little ‘‘frustr
tion’’ !. For the case of low ‘‘coordination number’’~<3 for
conjugated organics! solution methodsvia the resonance
theory of Pauling and Wheland2 turn out to be9 more reason-
able. Thus it is this resonance-theoretic approach that is
sued here, in application to organic species including th
which at least are potentially radicaloid.

Quantitative approaches using the Pauling–Wheland
model have often encountered computational difficulties
number of VB-based approaches in chemistry largely ign
resonance-theoretic ideas, perhaps seeking to carry out

,

5 © 2002 American Institute of Physics
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figuration interaction computations over all covalent stru
tures, with there already being;100 for 10p-centers and
;104 for 20 p-centers. Thence this brute-force approach
comes prohibitive beyond;30 p-centers. But also there ar
a number of quantitative resonance-theoretic approaches10–13

tending to restrict attention just to Kekule structures~i.e.,
exclusively neighbor paired structures!, but not always. Still
the numbers of such structures increase fairly rapidly w
system size, so that~e.g.! there are;104 Kekule structures
for C60 buckminsterfullerene, and;106 for typical C80

fullerenes. There have been some many-body resona
theoretic computations even for extended systems~as re-
viewed in Ref. 14!, and at a simpler level there has be
rather much work15 just enumerating Kekule structures. B
these various resonance-theoretic developments have
cally been somewhat special~often for selected nonradica
species! and often are somewhat mathematically sophi
cated~especially for larger systems!. Indeed especially for
extended systems it seems to have become the general
that traditional organic qualitative resonance-theoretic id
are out of their element.

Here a differently formulated qualitative ‘‘mean-field
resonance-theoretic approach is advocated, for applica
not only to ordinary benzenoid molecules but also to
tended systems, including extended polymers, locally
fected graphites, and graphitic edges. In this approach r
nance structures are not restricted to be exclusively nea
neighbor paired, but in the mean-field approach the vari
resonance structures appear only implicitly. In the avoida
of reference to individual resonance structures, the expon
tial growth in numbers of such structures is side-stepped
that even very largep-networks can be dealt with, even b
hand, at least in a qualitative~or sometimes a semi
quantitative! sense. This mean-field resonance theory is
scribed in Sec. II here, where the neat extension of traditio
simple resonance-theoretic ideas is emphasized. The pre
predictions madevia this approach concern the ground-sta
spin multiplicity, the general location of unpaired spin de
sity, and the occurrence of low-lying excitations~as due to a
weak spin-pairing between well separated electrons!. The re-
lations to more fundamental valence-bond Hamiltonians
considered in Ref. 16. And this resonance theory matc
nicely to some earlier VB theorems which already quite s
cessfully apply to smaller molecules~benzenoid or not!.
Thus here we choose to focus on its application and tes
for extended nano-structured systems, different types
which are considered in Secs. III–VI. Notably real graph
is ~e.g., as discussed in Ref. 17! quite rich in defects, often o
ill-characterized structure, and a variety of conceivable s
defects are treated here, as also are some conjugated po
strips and other conjugated nano-structures. Section III
plies our novel resonance-theoretic ideas to a variety of ty
of translationally symmetric graphitic edges, and then ma
comparison to tight-binding band-theoretic results, such
have in fact already been a point of consideration in an e
lier study.17 Here the checking against computations ba
on a molecular-orbital~MO! view is more completely done
~and some of the particular insights developed here are
lized in later sections!. Section IV goes on to apply ou
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resonance-theoretic ideas to a selection of ‘‘corners’’ on g
phitic edges, Sec. V applies the ideas to different types
ends of a long polymer strip, and checks are made aga
~brute-force! MO-based computations. Section VI address
the question of vacancy defects in the graphiticp-network.
This is neatly explicated in terms of ‘‘anti-molecules’’~each
anti-molecule corresponding to the molecule comprised fr
the set ofp-centers deleted from the lattice!. Again checks
are made against somewhat more involved MO-based c
putations. With the successful comparisons it thus seems
the proposed qualitative mean-field resonance theory of
ready insight, building on traditional chemical resonanc
theoretic ideas, revealing patterns of behavior, and exhibi
a range of potential applications, to a variety of nan
structures, even defected extended systems, which are
otherwise difficult to deal with theoretically. The idea
thence extend traditional organic chemical reasoning to
compass some applications often associated with phys
chemistry, and therefore the ideas seem of potential inte
for a wide audience of chemists.

II. MOLECULAR-FIELD RESONATING VB THEORY

The use of resonance theory in a qualitative4,5 or
quantitative10–15 manner has been applied most widely f
stable nonradical species. As already noted Pauling’s sim
resonance theory is based upon the consideration of se
different classical chemical-bonding patterns consistent w
the considered molecular graph. For our considerations
molecular graph should preferably have few nearest ne
bors, as is the case for conjugated hydrocarbons. For
~neutral! benzenoids there is onep-electron per site, and
there are exchange couplings between the electrons on t
different neighbor sites. To each bonding pattern there
imagined a basis wave functionF with singlet spin pairings
~corresponding top-bonds! of the p-electrons on the sites
interconnected in the bonding pattern. The more import
individual bonding patterns are usually those with a grea
number of neighbor spin pairings~giving lower energies over
the VB exchange-coupling Hamiltonian!. Further the greater
the number of low-energy such VB patternsF, the greater
the stabilization~because of mutual ‘‘configuration’’ interac
tion amongst them!, this phenomenon being termedreso-
nance. But even patterns with non-neighbor pairing can co
tribute to this resonance especially if first they are not
different from a maximally neighbor-spin-paired pattern a
second there are a great number of such structures. Thu
achieve overall energetic stability the tendencies first
maximize the number of neighbor-paired sites and secon
maximize the number of resonance~or VB! structures often
are in competition. Generally there is some contribution fro
non-neighbor bonding, and in some cases this may eve
dictated by the molecule~being without a fully neighbor-
paired VB structure!. But as an extension to the preference
neighbor pairing there is a secondary preference to a slig
more distant local ‘‘vicinity’’ pairing. If pairing between very
distant sites makes a contribution, then the spin pairing
weak in the sense that at a very slight energy above
ground-state there should be a state with the electron
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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truly unpaired—i.e., an excited state with additional unpai
spin density and an overall spin greater by 1 than the gro
state.

These general ideas can be given more substance fo
case ofalternantsystems G, these being those with a con
gatedp-network which may be partitioned intostarredand
unstarredsetsA andB of sites, such that each such type
site has nearest neighbors which are solely of the other t
Thence, e.g., for 1,3,5-trimethylenebenzene one has sta
and unstarred sites as indicated in Fig. 1. Now it is crucia
our considerations that any non-neighbor pairing may
stipulated~in the ground state! to occur solely between site
in the starredandunstarredsubsets. As long ago noted,18 a
double spin-pairing one withinA and one withinB may be
reexpressed as a linear combination of two inter-set dou
spin-pairings. Note that VB functions with an intra-set sp
pairing do not gain energy-stabilization, since there are
intra-set~antiferromagnetic! exchange couplings in the bipa
tite networkG, and such spin-pairing introduces constrain
on the function which otherwise would be absent. There
a couple different standard19,20bases of VB functions of suit
able~ground-state! spin designated with spin-pairings sole
between the setsA or B. Thence it seems that the groun
state for bipartiteG should have no such intra-set spi
pairings.

The question of the competition between maximizat
of neighbor pairing and resonance may be rephrased in te
of ‘‘bond orders’’ and ‘‘free valences.’’ Theresonance bond
order for a neighbor paire of sites is putatively identified a
the fractionpe of ground-state contributing structures whic
have thep-electrons on these two sites spin-paired; and
free valencefor a p-centeri is the fractionv i of ground-state
contributing structures which have no spin-pairing to anot
p-electron in the vicinity of sitei. What is meant by ‘‘vicin-
ity’’ here may be given different interpretations. If the vicin
ity is taken as the limit of nearest neighbors with all sp
pairing between such neighbors~and each of the maximally
spin-paired bonding patterns is taken to contribute equall
the ground state!, then thepe are called21 Pauling bond or-
ders, and the associatedv i might be calledPauling free va-
lences. For instance, in Fig. 2 Pauling bond-orders and f
valences for three molecular speciesG are indicated. It has
been demonstrated22,23 that for a variety of nonradicaloid
benzenoids the Pauling bond-orders correlate closely w
experimental bond lengths. But we do not restrict attention
nonradicals or limit spin-pairing to near neighbors. Any re
nant free valence may be indicative of unpaired spin den
as in the third case of trimethylenemethane in Fig. 2. T
prediction here of two unpaired electrons with spin dens
primarily on the end atoms is known in agreement w

FIG. 1. An assignment of stars and unstars to the carbon atoms of 1
trimethylene-benzene.
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experiment24 and high-qualityab initio computations.25 A
primary difference from the traditional use of Pauling bo
orders is that we develop the bond orders and free valen
without explicit generation of the various resonanc
structures.

The maximization of the number of neighbor-paired si
clearly minimizes the free valences. The maximization
resonance is also somewhat intuitively clear: Resonanc
greatest when the bonding patterns are as delocalized as
sible. That is, for maximal resonance one might anticip
that the probability~or bond-order! of a double bond along
any one of the directions away from a site to its near
neighbors is equally likely. For benzenoids the maximu
number of neighbors is 3 so that resonance would se
greatest the more nearly thep-bond orders are to 1/3. The
even without explicit consideration of the Kekule structur
of a species, the maximization of resonance might lead
to ~tentatively! assignzeroth-orderbond orders of 1/3 and
correspondingzeroth-orderfree valences as deficits of th
sums of these zeroth-order bond orders incident at a
That is, this zeroth-order free valence for a sitei turns out to
be just the deficit from 1 of one-third of the degree of sitei.
In many cases additional pairing between neighbor sites m
further reduce the free valences, yieldingfirst-order bond
orders andfirst-order free valences. Thence such first-ord
free valences for the species of Fig. 2 turn out to be the sa
as the Pauling values already illustrated. ForG being 1,3,5-
trimethylene-benzene the zeroth-order free valences turn
as in Fig. 3, whereas the Pauling free valences~obtained by
generating and examining the 18 nearest-neighbor reson
structures! turn out to be slightly different as also indicate
in this figure. Finally shown in this figure are the spin de
sities for the spin-quartet wave function built from th
Hückel MOs. Evidently the three sets of values are qual

,5-

FIG. 2. Pauling bond orders and free valences for benzene, naphthalene
trimethylene-methyl.

FIG. 3. Pauling free valences for 1,3,5-trimethylene-benzene, reson
theoretic zeroth-order free valences, and finally Hu¨ckel-Hund spin densities
~for the same tri-radical!.
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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tively ~and even semiquantitatively! similar, all having no
spin density on the minority type~unstarred in Fig. 1! of
sites.

Now one may introduce additional pairing betwe
starred and unstarred sites even if not a neighbor~though
preferably as close as possible!. That is, the first-order free
valences are~at least partly! satiated by other more distan
free valences located on the other type of sites~i.e., starred
versus unstarred sites!. As a consequence it is just the diffe
ence between the net free valences in theA andB sets which
results in globally unpaired spins~in the ground state!. That
is, the overall ground-state spin is predicted to be given
terms of the free valencesv i as

SRT5UH(
i

.

v i2(
j

s

v j J UY 2. ~1!

This predicted ground-state spin turns out17,26 to be indepen-
dent of details of the definition of thev i ~just so long as they
are deficits of the bond orders from 1!. Indeed using the
zeroth-order estimates this spin can be re-expressed in t
of the numbers #.n of starred sites of degreen and the
numbers #sn of unstarred sites of degreen, thusly

SRT5u2#.11#.222#s12#s2u/6, ~2!

Notice too that the~unpaired-electron! spin density should
appear primarily on the sites with more free-valence. If
free valences only become small~perhaps 0! at high order
~via pairing between more well separated opposite-ty
sites!, then there are predicted to be low-lying states w
these high-order spin pairings absent.

An aside of note is that the prediction of Eq.~1! for finite
alternants persists beyond simple resonance theory, to
nearest-neighbor Heisenberg spin Hamiltonian~for spin s
51/2 sites! on the full space of all~homopolar! covalent
structures. Indeed, if one notes that the numbers of bo
exiting from. ands sites must match, then the resonanc
theoretically predicted ground-state spin may be reexpre
in terms of just the total numbers #. and #s of starred and
unstarred sites

SRT5u#.2#su/2, ~3!

such as is known to hold for the more ‘‘complete’’ neare
neighbor Heisenberg model,27–29 as well as the even mor
complete Hubbard model30 for these same systems. And th
results seem always to be in agreement31 with full
configuration-interaction computations on more conventio
PPP models. For the nearest-neighbor (s51/2) Heisenberg
model there are some further qualitative theorems32 which
seem also typically to be consistent with our current res
concerning the location of the unpaired spin density. A
there are a number ofab initio computations with which
agreement is obtained—see, e.g., Ref. 33. With this ea
noted dove-tailing with previous VB-theoretic work for finit
molecules, it is natural to next address extended syste
where the present approach promises to be able to deal
local features, and even identify pairings so weak that t
are typically better viewed as unpaired.
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III. TRANSLATIONALLY SYMMETRIC
GRAPHITIC EDGES

For the case of translationally symmetric edges, o
resonance-theoretic approach quite easily makes predict
about the number of unpaired spins per unit cell of edge.
instance, for the two types of edges in Fig. 4 one may ap
the resonance-theoretic arguments to reveal 1/3 of an
paired electron per unit cell in the first~zig–zag! case, or 0 in
the second~corrugated! case. The first-order bond orders an
unpaired spin densities for a single unit cell are given in F
5, where also the analysis is repeated for a third type of ed
with a resultant 2/3 of an unpaired electron per unit-c
length of edge. In Fig. 6 we indicate unit cells for a mo
comprehensive list of about two dozen possible edges,
the zeroth-order free valences are indicated there along
additional low-order spin pairings. Evidently the predictio
are quite readily made, though a question of their reliabi
arises.

One test of the predictions made in the preceding pa
graph would bevia Hartree–Fock~HF! or unrestricted HF
computations on these systems with such edges. Most
sible would be such quantum chemical computations
wide strips with two edges but well separated from one
other, so that there would be little ‘‘communication’’ betwee
opposite edges. In such a case with~wide! strips there would
be just a finite number of sites per unit cell, thereby fac
tating ordinary band-theoretic computations. The restric

FIG. 4. Portions of two types of translationally symmetric edges for se
infinite graphite. The blackened area is understood to contain further
work continued in the natural fashion.

FIG. 5. Unit cells of edge for three types of edges~including the two of Fig.
4!, with the vertical dashed lines indicating boundaries of the unit c
which continues on downward into bulk graphite. The zeroth-order f
valances which are nonzero are shown, and curved dashed lines fo
second~corrugated! and third cases indicate first-order pairings, whereaf
the first-order free valences would be 0 for the second case, while for
third case there would remain a free valence of 1/3 of an electron per
cell of edge.
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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FIG. 6. Unit cells of about two dozen types of edge
showing zeroth-order free valences encoded with valu
of 1/3 and 2/3 represented by small and large circl
with the circles being filled or empty as the site
starred or unstarred. The curved dashed lines in so
cases indicate higher-order spin pairings.
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HF solutions ~for uniform bond-length! PPP models are
equivalent to the solution of the simple Hu¨ckel model, and
the ensuant occurrence of certain unrestricted HF solut
can be readily recognized. First, for alternant systems th
is34 a ~fairly well-known! ‘‘pairing’’ symmetry in the eigen-
value spectrum about the nonbonding energy here taken
This symmetry is that for every eigenvaluee there is a cor-
responding eigenvalue2e. So if there are Hu¨ckel molecular
orbitals ~MOs! which are only very weakly bonding~i.e.,
MOs with very small magnitude negativee!, then there are
corresponding very weakly anti-bonding MOs. As a con
quence in such a circumstance, there is a UHF instability
the associated PPP model, where the weakly bonding
anti-bonding MOs mix and end up being singly occupi
@rather than in the restricted Hartree–Fock~RHF! approxi-
mation solely the bonding MOs being occupied, with t
occupancy being double#. Indeed this UHF instability is17,35

very easy to understand in that if thee are very small in
magnitude, then it costs little orbital energy to so redistrib
the electrons, while an exchange-energy stabilization~pro-
portional to the electron–electron interaction strength! re-
sults. Whether such a unrestricted Hartree–Fock~UHF! sta-
bility occurs of course depends on just exactly how smalle is
in magnitude~as well as on some details of the exchan
interaction for the indicated orbitals!. But as it turns out17 for
suitable strips of widthw there often are a ‘‘flock’’ of edge
Downloaded 23 Mar 2002 to 165.95.49.135. Redistribution subject to A
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states withe'Ce2a/w, so that for the limit of wide strips it is
assured that thise becomes small enough in magnitude f
the UHF instability to occur. Moreover, these edge-localiz
incipiently singly occupied MOs are easy to recognize j
from an energy-band diagram, because they must occur
region of this diagram different than the MOs of bulk edg
less graphite which has36 a 0 density of MO levels at the
nonbonding energy. That is, if there are a substantial num
of edge-localized incipiently singly occupied MOs~associat-
ing to unpaired electrons!, then in a standard MO band dia
gram they should occur as portions of otherwise abs
bands very near toe50. Several such band diagrams f
strips~of widths all takenw>30! are shown in Fig. 7. These
plots are for discrete sets of~;25! wave vectorsk between 0
andp ~it being understood that fork between2p and 0 the
result is just the same as already shown with a reflection
vertical plane atk50!. In all these cases the bulk of th
bands all fall into a shaded region~shaded because of th
density of MO-energy points! corresponding to what occur
with bulk ~edgeless! graphite. But in many of these case
there are bands which penetrate out of the shaded region
hug to a portion of the nonbondingk axis of e50, it being
these exceptional MOs which must be the edge-locali
nonbonding ones. If the portion of such ane50-hugging
band covers a fractionf of the Brillouin zone, then this cor-
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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FIG. 7. Energy level diagrams~in the right half of the first Brillioun zone! for several edges identified to their unit-cell diagrams of Fig. 6. Those in the
row all exhibit an asymptotically nonbonding portion of a band penetrating outside the otherwise densely occupied part of the Brillouin zone. Thon the
second row all exhibit no nonbonding orbitals except atk562p/3, to give no unpaired-electron-spin density.
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lier
or
responds tof unpaired electrons per unit cell. As a test
these edge-localization features, Fig. 8 illustrates the lo
rithms of the mean densities of several such MOs as a fu
tion of their distance from the edge of Fig. 6~j!. For such
orbitals the density is seen to fall exponentially with t
distanced from the ~nearest! edge, though the exponentia
fall-off rate is seen to be different for differentk values. The
edge-localization is seen to be more severe the greate
distance in the Brillouin zone of the near-nonbonding MO
Downloaded 23 Mar 2002 to 165.95.49.135. Redistribution subject to A
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c-

he

from those for bulk-graphite MOs~in the ‘‘shaded’’ regions!.
The MOs in the shaded regions are more or less unifor
spread across the strip.

Now we have predictions for the number of unpair
electrons per unit cell of edge, both by the resonan
theoretic approach and by an MO-theoretic computati
Only some of the MO computations are indicated in Fig.
with results of some other computations available in ear
articles.17,37–39The consequent RVB-theoretic predictions f
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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the number #u of unpaired electrons per unit-cell of leng
are given in Table I for the two dozen edges indicated in F
6. Table I also identifies theprimitive translation~x,y! asso-
ciated with each type of edge, where this~x,y! indicates a
step ofx hexagons along one direction andy hexagons in the
direction 60° counter-clockwise to the first direction carr
an edge back into itself.~As an aside we may note that give
this ~x,y! label for an edge it may be shown17 that #u is
integer iffx-y is a multiple of 3, and in particular there can b
no unpaired electrons only ifx-y is a multiple of 3.! Finally
in Table I references dealing with the various cases from
band-theoretic viewpoint are indicated, with the parenthe

FIG. 8. Logarithmic mean electron density plots as a function of posi
across a strip for various MOs of the exceptional~near! nonbonding MO
band for the case of the edge of 6~j!. The different curves are for differen
band orbitals at the indicated different wave vector valuesk.

TABLE I. Edge symmetries and edge-localized unpaired electrons per
cell of edge.

Structure
in

Fig. 6

Primitive
translation

~x,y!

Unpaired
electrons

#u

Band theory
references

~a! ~1,0! 1/3 17, 37
~b! ~1,0! 2/3 36
~c! ~1,0! 1/3 17, here
~d! ~1,1! 0 38, 39
~e! ~1,1! 1 17
~f! ~1,1! 0 here
~g! ~1,1! 0 here
~h! ~2,0! 1/3 17
~i! ~2,0! 2/3 17, here
~j! ~2,0! 2/2 17, here
~k! ~2,0! 1/3 17, 39
~l! ~2,0! 2/3 17
~m! ~2,1! 1/3 17, 39
~n! ~2,1! 2/3
~o! ~2,1! 2/3
~p! ~2,1! 4/3
~q! ~2,1! 2/3
~r! ~2,2! 0 here
~s! ~2,2! 1 here
~t! ~3,0! 0 17, here
~u! ~3,0! 0 17
~v! ~3,0! 0 17
~w! ~3,1! 2/3 39, here
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references indicating some partial theoretical treatment, s
of the computations such as reported in Fig. 7. Notably th
is unanimous quantitative agreement between #u ~from our
resonance theory! and the number #NBMO of nonbonding
electrons per unit cell of edge length~from the band-
theoretic computations!. That is, we find

#NBMO5#u , ~4!

for all translationally symmetric edges considered, includ
not only the nine representative cases of Fig. 7, but in fac
others occurring in Table I. Further it turns out~as indicated
in Fig. 8! that there seems to be qualitative agreement a
the location of the unpaired electrons. Here in Fig. 8
densitiesrn for an orbital of different indicatedk from the
exceptional band are plotted as a function of positionn, and
to suppress oscillations~between. ands! rn at a distance
n5d11/2 from the edge is taken as the sum of the squa
of orbital coefficients at the sites at distancesd and d11
from the edge. The resonance theory evidently reveals
interesting pattern of behavior, giving ready insight into i
teresting chemico-physical characteristics of the various e
structures.

It is to be emphasized that the edge-localized electr
should be crucially important for magnetic susceptibiliti
and electrical conductivity. These electrons which are
paired within a first approximation, still do exchange coup
amongst one another, presumably with a ferromagnetic s
so that they would be very important for the bulk magne
susceptibility, even though the edges are a small fraction
the total. With the edge-localized orbitals singly occupi
and located at the Fermi energy, electrical conductivity m
be much enhanced—it being well-known that bulk~edgeless!
graphite though having 0 band gap also has36 a 0 density of
states at the Fermi surface. To deal with such propertie
more detail a quantitative treatment would be best.

IV. GRAPHITIC CORNERS

The general resonance-theoretic argument is readily
plicable to treating corners on large graphitic fragments.
course unpaired electrons at corners are more noticeab
the edges meeting at the corners are of the type which do
themselves lead to edge-localized unpaired electrons,
such being the ‘‘corrugated’’ edge of the second part of F
4. Then for instance, for the four corners of Fig. 9 we pred
no edge-localized unpaired electrons for the first two cas
while the last two cases are somewhat more complicated.
these last two cases one sees that full spin-pairing bey
that of zeroth-order may be achieved, though in these th
are a number of pairings of a more distant nature, so
these pairings are somewhat weak. Throughout all of
cases of Fig. 9 the curved dotted spin-pairings are take
indicate 1/6 spin-pairing bond orders, so that two sites c
nected by two such curved dotted spin-pairings exhibit
spin-pairing bond order between the two sites. Evidently
fourth case of Fig. 9 exhibits more rather distant wea
paired electrons than the third case, while the first two ca
exhibit even less of such more distant pairing. It is seen t
the different edges meeting at a corner allow electrons at
corner to pair along the edges on each side of the co
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while displacing some local pairings along the edge to m
distant pairings farther along the edge. For more quantita
predictions a more quantitative approach would be desira

Again one may test these qualitative predictions aga
those from an MO-theoretic approach. In this case to m
the requisite computations it seems convenient to deal w
finite but large molecular fragments with the indicated typ
of corners. And again it is expedient to compute within
restricted HF result, it being understood that very sligh
bonding restricted-HF MOs would for a related unrestric
HF approximation mix with corresponding weakly an
bonding MOs and end up being singly occupied~i.e., un-
paired!, following the general discussion in Sec. III. Thus f

FIG. 10. A large hexagonal-symmetry fragment of graphite withN5834
sites and graphitic corners of the third type shown in Fig. 9.

FIG. 9. Four graphitic corners, showing zeroth-order free valences and
ditional higher-order spin pairings. Note that each dashed line is a
pairing beyond zeroth-order, with the convention taken here that each
dashed line contributes 1/6 to the indicated bond order.
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the first type of corner we might try computations on
hexagonal-symmetry fragment as indicated in Fig. 10. Si
lar hexagonal-symmetry fragments are possible for each
the three other corners of Fig. 9. If the MO approach find
numbern of ~near! nonbonding MOs, then we would hav
n/6 per corner. But because the fragments are finite the
paired density our resonance-theoretic argument associat
each corner might end up~in the resonance-theoretic picture!
pairing weakly with requisite others down the adjacent ed
displacing what would otherwise being near-neighbor pa
ings along the edges to more distant pairings. Within the M
picture, the orbitals would not then be expected to be qu
nonbonding~much as for the edge-localized MOs on fini
strips of not too great of a width!. Thus for the four corners
of Fig. 9 we have carried out computations on fo
hexagonal-symmetry fragments ofN5684, N5546, N
5834, andN5552 sites. Thenth unoccupied MO above the
nonbonding 0 is denoteden , so that the highest occupie
molecular orbital–lowest unoccupied molecular orbi
~HOMO–LUMO! gap would be 2e1 . Then these lower-
lying such energies for the three indicated fragments, resp
tively, are ~measured in units of magnitude of the Hu¨ckel
resonance integralb!

9~a! 9~b! 9~c! 9~d!

e1 ~0.1196! ~0.1362! 0.0807 0.0078
e2 ~0.1196! ~0.1362! 0.0807 0.0087
e3 ~0.1128! 0.0087
e4 ~0.1448!

where the~left-to-right! order of these orbital energies corr
sponds to the order of the edges in Fig. 9, and the parenth
values identify MOs which are here considered as outside
~weakly! non-bonding range. Conditionally identifying thos
MOs of energye i&0.010 as nonbonding, we see that th
number for our four fragments then is 0, 0, 4, and 6, which
in rough agreement with our qualitative resonance-theor
predictions of 0, 0,m, andn ~nearly! unpaired electrons pe

FIG. 11. HOMO~or near-HOMO! densities for the corners of Fig. 9. Th
first, second, third, and fourth corners of Fig. 9, respectively, correspond
The lighter-face slightly higher near-level curve; the bold-face slightly low
near-level curve; the dashed curve which changes somewhat more; an
bold-face curve which changes most dramatically.
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corner, withm,n, and the values ofm andn dependent on
what one means by ‘‘weak’’ pairing. Now in Fig. 11 we sho
logarithms of the mean densities of the more nearly n
bonding HOMOs at a distanced from the hexagonal cente
of the molecular fragment. As in the discussion of the ed
the densityrd for positiond is averaged between the dens
ties atd21/2 andd11/2, so that oft sizable oscillations o
the densities between. and s sites are averaged out. Th
HOMOs for the first two cases of Fig. 9 seem from Fig.
not to be corner localized but spread out throughout the fr
ment. For the third case of Fig. 9 the logarithms of the
erage densities for the two weakly bonding MOs is plotted
Fig. 11, and it is seen that they are evidently corner localiz
For the fourth case of Fig. 9 we have plotted the logarithm
the sum of the densities for the three weakly bonding MO
and it is seen that they appear to be corner localized.
orbitals which we have conditionally identified as ‘‘nonbon
ing’’ on the basis of their energies (e i&0.010) are thence
seen from Fig. 11 to appear to be localized at the ou
reaches of the fragment, and appear to have a density d
into the interior roughly of an exponential fashion. Presu

FIG. 12. A graphitic corner where two zig–zag edges meet. The s
pairing around the corner is seen to pair ever more distant sites.

FIG. 13. Near-HOMO orbital mean densities measured from the center
hexagonal fragment with 6 like corners of one of the types in Fig. 12.
bold line is for the first triplet of orbitals, the fainter line is for the seco
triplet, and the dashed line is for the third triplet.
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ably for even larger fragments the decay would presuma
continue to ever smaller densities at ever greater distan
from the corners.

Not only may corners introduce unpaired electrons,
they may also cause pairing between electrons on two a
cent edges which would otherwise be unpaired. For insta
for ~polyacenoid! zig–zag-type edges meeting at a corner
in Fig. 12 we have already seen in Sec. III that these edge
isolation should have 1/3 of an unpaired electron per zig–
unit of edge, while from Fig. 12 we see that there can
pairing around the corner. But in order to achieve pairing
the otherwise unpaired edge electrons far from the corn
the distance of the pairing becomes quite large, and th
fore, quite weak. Thus some of these electrons remain
essence unpaired, though what we really have is a grada
of pairing strengths, and associated degrees of localizatio
we carry out an MO computation for a hexagonal-symme
fragment with six such corners andN51014 sites, we find
~in units of ubu!

e i50.0055, 0.0055, 0.0063, fori 51 – 3,

e i50.0299, 0.0299, 0.0342, fori 54 – 6,

e i50.0831, 0.0831, 0.0976, fori 57 – 9,

e i50.1551, 0.1551, 0.1899, fori 58 – 11.

That is, we do indeed find the predicted gradation of M
energies away from the nonbonding value ofe50. More-
over, in Fig. 13 we consider the densities for the first th
sets of triples orbitals as averaged over the three sim
energy orbitals in each set, plotting the logarithms of the
average densities as a function of the distance from the
ter of the fragment. It is seen that the sets of more nonbo
ing orbitals are more edge localized, again nicely match
with the resonance-theoretically anticipated gradation.

V. POLYMER-STRIP ENDS

Polymers being of finite length typically have end
where the erstwhile~near! translational symmetry is strongl
broken and something special may happen. If the questio
end-localized unpaired spins is to be considered, then
will be simplest if the edges along the polymer length a
such as not to tend to introduce unpaired electrons,
thereby interfere with any possible unpaired electrons at
ends. Thus we might consider a long polymer strip w
‘‘corrugated’’ edges@as in Fig. 4~b!# and a width of one
hexagon, it happening that such polyphene chains are be
ning to be experimentally realized.40 Then one may imagine
numerous possible ends, four of which are indicated in F
14. Our resonance theory readily leads to predictions of 0
1, and 0 unpaired electrons for the respective ends of Fig.

These predictions may be checked against Hu¨ckel MO
computations for fairly long oligomers of 100 hexagons
length. The consequent logarithms of the HOMO densit
measured from the strip end are indicated in Fig. 15. Th
computations are for strips with both ends of such an oli
mer of the same type, and the densities averaged over
sites of a hexagon are reported as a function of the posi
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of the hexagon along the strip. The first and last cases
dently have the frontier-orbital energye1 notably displaced
from 0, to e150.382 72 ande150.190 77, respectively
whereas the second and third cases have the frontier-or
energiese1 ande2 very nearly 0, to within less than 10214,
so that the observed numbers of~very! weakly bonding MOs
turns out for our four considered cases to be 0, 2, 2, an
The corresponding frontier-orbital densities in the first ca

FIG. 14. Four types of polymer strip ends for a phenanthrenoid polyph
polymer.

FIG. 15. Logarithmic mean HOMO~or near-HOMO! densities as a function
of position along the polymer strip for the four types of strip ends of Fig.
The first case of Fig. 14 gives the relatively level curve~for logarithmic
values between25 and211. The second and third cases give quite simi
solid vee-shaped curves which on our present plot cannot be clearly d
guished, and the fourth case gives the dashed vee-shaped curve.
Downloaded 23 Mar 2002 to 165.95.49.135. Redistribution subject to A
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is seen from Fig. 15 to be quite delocalized. The fronti
orbital densities for the second and third cases are very s
lar being indistinguished in the figure and corresponding
the lowest~solid! curve—evidently these orbitals are end l
calized as expected, and even strongly end-localized, wi
smooth exponential fall-off to the center of polymer cha
The fourth case involves an apparently doubly degene
orbital and corresponds to the dashed curve in Fig. 15
evidently is also end localized, though this does not cor
spond to unpaired electrons since the orbital energy is s
as to distinguish it quite clearly from being nonbonding~or
even nearly nonbonding!. It may be mentioned that in dea
ing with graphitic edges~as in Sec. III! there occasionally
too are edge-localized orbitals which are not nonbond
@and seem to be easily recognized as exceptional nonbon
bands penetrating out of the shaded regions, as in Figs. 7~f!–
7~h!#. That is, it seems that the prediction of localized u
paired electrons via resonance theory is sufficient~but not
necessary! for the existence of nonbonding MOs. It is a
interesting question as to whether the qualitative resona
theory might turn out to predict the localized but bonding
anti-bonding orbitals as in the case of the fourth end of F
14 ~say perhaps because the Kekule structures one can
down for this end have localized double bonds for the dou
bonds near the ends of the oligomer strip!, but here we do
not seek to develop this aspect. For our polyphene poly
strips evidently there is notable agreement betwe
resonance- and MO-theoretic predictions~for end-localized
unpaired electrons and end-localized nonbonding MOs,
consequent electrons!.

It may be noted that for some cases what goes on at
polymer ends may be more intimately mixed up with t
nature of the edges. First if there are unpaired electrons a
the length of the polymer, then they would be in nearly no
bonding MOs delocalized along the length and able to in
mix with nearly nonbonding MOs initially assigned to th
polymer ends, so that none of the eigen-MOs might be
localized. Further, some edges may exhibit a sort of bala
regarding formation of unpaired electrons, so that they wo
arise under some very slight perturbation. Notably this c
cumstance of ‘‘balance’’ is not overly rare, and has to do w
whether lone solitonic excitations occur~in the neutral con-
jugated network!. These considerations are best approac
with a little more quantitative detail, and has been so d
cussed elsewhere41 ~paying explicit attention to Kekule
structures!, and also are empirically found to correlate wi
MO-based results. We do not pursue this interesting as
further in our present qualitative discussion.

The indicated tests concerning corner and end struct
show quite reasonable agreement between the prediction
the resonance-theoretic approach and of the MO-theor
approach. The main qualification relates to interactions
tween different near-by edges, whence a quantita
resonance-theoretic modeling~or a quantitative MO-
theoretic modeling! may be needed to make better pred
tions.
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FIG. 16. Illustration of anti-methyl, anti-ethylene, and anti-allyl vacancy defects in a graphite lattice. The zeroth-order free valences are given and higher order
spin pairings are indicated, so that the corresponding higher-order in the case of anti-ethylene becomes 0, while the net amount of unpaired elecs in the
first and third cases remains 1 and 2, respectively.
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VI. GRAPHITIC ANTI-MOLECULES

The question of the effect of local defect structures
otherwise perfect graphite may also be addressed. One
delete one or more contiguous carbon atoms from the gra
ite lattice, thereby giving what we term ananti-molecule
corresponding to the molecule consisting of the interna
still connected set of deleted atoms. Thus with deletion o
single C atom we obtain ‘‘anti-methyl,’’ and with deletion o
two adjacent atoms we obtain ‘‘anti-ethylene,’’ and with d
letion of three consecutive atoms we obtain ‘‘anti-allyl.’’ Th
resonance-theoretic predictions are relatively straightforw
to make, as illustrated in Fig. 16. In fact one may perceiv
general pattern. Note perfect graphite has a local balanc
starred and unstarred sites, and note that in the formatio
an anti-molecule� by deletion of the molecule R, the unba
ance of starred and unstarred sites in the region of the a
molecule must be the same~except maybe for sign! as the
unbalance in the corresponding molecule R. That is, for m
thyl, ethylene, and allyl one has an unbalance of 1, 0, an
so that this should also be the regional unbalance in
types for anti-methyl, anti-ethylene, and anti-allyl, respe
tively, and this then leads to this consequent number of
paired electrons, to be localized in the region of the cor
sponding defect~i.e., of the corresponding anti-molecule�!.
Thus for a general molecule R with numbers #. & # s of
starred and unstarred sites, our mean-field resonance th
predicts~at least! u#.2#su defect-localized unpaired elec
trons for the corresponding anti-molecule� in graphite

$#�-localized unpaired e%5$u#.2#sufor R%. ~5!

Indeed this result of matching of properties~in particular of
net spin densities! for the molecule and anti-molecule, in pa
justifies our choice of nomenclature of ‘‘anti-molecules’’ fo
our vacancy defects.

These predictions might be sought to be checkedvia an
MO-theoretic approach. Of course with a local defect
translational symmetry of the graphite lattice is spoiled,
that ordinary band-theoretic computations are not dire
applicable. Thus what one might do is simulate bulk graph
with ‘‘suitable’’ large fragments, and delete a few sites fro
the center of the fragment to represent the defect. But to
this in practice it is crucial to understand what fragme
Downloaded 23 Mar 2002 to 165.95.49.135. Redistribution subject to A
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might be ‘‘suitable’’—in particular if we are to look for
~near! nonbonding MOs associated to the defect, it would
preferable to avoid other near nonbonding MOs, such
could arise with certain fragment edges or corners. Bu
fact because of the preceding sections we understand ho
choose suitable fragments. In particular an example of su
suitable fragment would have edges and corners of the
~or second! types indicated in Fig. 9, and we have now pe
formed computations for about a dozen anti-molecules n
the center of such a fragment, withN5684 sites~before
deleting the sites in the defect!. Examination is made espe
cially of the HOMO, and perhaps a few MOs nearby toe
50 so as to ascertain their disposition in the defected fr
ment. The results of these examinations are indicated in
17, where there are plotted logarithms of mean MO densi
as a function of the graphical distance from the center of
central hexagon whereat the defect is placed. When there
several degenerate nonbonding MOs these plots use the
erage densities for these different orbitals, and when th
are no nonbonding MOs the plot shows the density for
HOMO. At the top of each plot a depiction of the ant
molecule� is shown in bold, with a lighter hexagon showin
the position of� with respect to the central hexagon of th
fragment. And yet further with each plot there is indicat
the values of the orbital energiese i for the orbitals which are
plotted, and in addition in parentheses, there are shown
energiese j for the next orbital away~from the perfectly non-
bondinge50 value!. Upon examination of the results in thi
Fig. 17, one sees that the orbital densities for the orbi
anticipated to correspond to unpaired electrons, indeed g
erally have nonbonding energy, and in fact this must be
case since for the finite fragments used, with equal numb
of . ands sites before deletion of the defect, the Coulso
Rushbrooke theorem34 implies that the unbalance of. and
s in the defected fragment must match the unbalance of
deleted molecule R. The remaining orbitals~not so implied
to bee50! are always distinctly different in energy frome
50, as perhaps could be surmised from the relatively la
HOMO–LUMO gap in the undefected fragment. Moreov
the nonbonding (e50) orbitals seem to be more localized
the region of the defect. In the cases~as anti-ethylene, anti-
butadiene, and anti-benzene! where no such defect-localize
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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FIG. 17. Mean HOMO~or near-HOMO! densities for several anti-molecules, plotted as a function of the shortest-path distance from the defe
anti-molecule defect structure is indicated in boldface, while the central hexagon of the erstwhile hexagonal-symmetry fragment is indicated in lighter face,
and the energies of the more nearly nonbonding MOs is also given~those not enclosed in parentheses being those for which the mean densities are p!.
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orbitals are expected, one sees that in fact the most ne
nonbonding MOs are in fact markedly more delocalized~i.e.,
more nearly constant, as gauged by the functional dep
dence of their average density on the distance from the ce
Downloaded 23 Mar 2002 to 165.95.49.135. Redistribution subject to A
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of the fragment!. The decay of thee50 orbital densities
away from the defect appears only roughly exponential, th
evidently being some degree of interaction with the edge
the fragment, as does not seem to unreasonable since
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present distances here are: first, somewhat smaller than
distances between strip edges which involved the nice ex
nential decay of Fig. 8; and second, several times~;10!
smaller than the distance between polymer ends where
dramatic exponential decay of Fig. 15 was observed. Sti
appears that the number of such nonbonding defect-local
MOs generally exactly matches what is anticipated from
mean-field resonance theory—i.e., the number of such M
for an anti-molecule is justu#.2#su for the corresponding
molecule.

Thus our mean-field resonance theory seems to corre
predict significant characteristics of these various a
molecules. Also it may be mentioned that the resona
theory frequently predicts that the unpaired electrons lie p
dominantly on one type of site~. or s!, and though not
shown in Fig. 17 because of the local averaging, the M
computations then generally find the defect localized n
bonding MOs on the same type of sites. Thus general ag
ment is obtained between our MO computations and
resonance-theoretic predictions.

VII. CONCLUSION

The simple resonance-theoretic scheme advocated
seems to make quite reasonable predictions as to amoun
location of spin density. Beyond general agreement w
other VB-theoretic spin predictions27–33for small molecules,
the general predictions have here been tested against
quantitative MO-based predictions for several extended
tems: About two dozen graphitic edges, a more limited nu
ber of graphitic corners and polymer ends, and about a do
‘‘anti-molecule’’ vacancy defects. The uniformity of agre
ment of the resonance-theoretic predictions with the res
of the MO-theoretic computations enhances the credenc
the predictions. Especially dramatically for edges and a
molecules we have the essentially quantitative prediction
Eqs. ~4! and ~5!. That is, we have identified accurately th
number of nonbonding nondelocalized orbitals thereby
vealing a systematic pattern of behavior for these edges
anti-molecules. Also the general qualitative predictions
the other cases~e.g., the corners! and as regards the locatio
of the unpaired spin density seems to be in agreement
tween the two approaches.

It may be noted that there are several other earlier M
theoretic computations for which some data has b
reported,42 and which seem to be in ‘‘rough’’ agreement wi
the predictions of our simple resonance-theoretic sche
The agreement is often rough because it may be that the
not sufficient information reported to reconstruct all the d
sired correspondences, or because there is a gradation o
bitals from localized to delocalized~and correspondingly
from nonbonding to less nonbonding!. Some aspects of thi
problem were revealed in our discussion of the third a
fourth types of corners in Fig. 9, and further aspects conc
ing the gradation of bonding strengths~and associated local
ization! for the oft-considered case of hexagonal fragmen
as in Fig. 12. In such cases the partitioning into bonding
nonbonding is not so clear cut. But our resonance-theor
approach still readily makes the prediction that such gra
tions occur, and indeed we again note that the resona
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theoretic predictions seem generally to be in rough agr
ment with numerous computations.42 Some resonance
theoretic predictions as to fine splittings amongst wea
spin paired electrons have not been gone into becaus
generally accepted inadequacies of the limited MO-ba
computations we have made, and these predictions natu
should be further addressed in future work. The prediction
the resonance theory as to whether unpaired electron de
appears~primarily! on starred or unstarred sites seems to
correct~though we have not tried to display this so much
our numerical comparisons!. For smaller molecules the loca
tions of unpaired electron density beyond this aspect is
ficult with the present qualitative resonance theory~e.g., be-
cause of the ‘‘interaction’’ between different edges which a
necessarily nearby in such species!.

A few words of qualification should be included, partic
larly as regards non-benzenoid conjugated hydrocarb
The resonance theory as developed here need not app
well to systems with cyclobutadiene moieties, because: F
Pauling’s resonance theory was developed to match to c
sical chemical ideas which were clearest for the benzeno
second, there are well-known problems of predictions
resonance energies for cyclobutadiene~and related
4n-cycle-containing species!; and third, theoretically there
are additional corrections beyond those of the near
neighbor Pauling–Wheland model for systems with sm
cycles.~In fact these last-mentioned corrections43 are to ac-
commodate the second-mentioned problems.! For nonalter-
nant systems the manner of setting up our resonance th
clearly needs fundamental modification, since the altern
character is so intimately involved in our present formulati
for the resonance structures~with pairing solely between
sites of different types!. For the various non-benzenoid con
jugated networks~nonalternant or with 4n-cycles!, it is
imagined that though resonance theory will still be app
cable it should need some modification from what is p
sented here. Still the benzenoid case is of sufficient inte
that the present formulation should be valuable—and a
some applications26 to selected small non-benzenoid mo
ecules have been successful.

In conclusion it seems that the mean-field resonan
theoretic approach is of much qualitative value, giving
sight to the effect of chemical structure on electron pair
and associated magnetic and conductive properties, all in
framework of traditional organic chemical ideas. The pred
tions are seen often to be especially neat for extended
tems, where resonance theory has traditionally been less
quently applied. Particular interest arises: First since grap
is rich in various kinds of impurities or defects, the structur
of which have seldom been well characterized; and sec
since with the advent of carbon nano-tubes, the questio
various nano-structures thereon naturally arises. Thus
yond application to conventional ordinary molecules a
polymers, the current mean-field resonance theory may b
especially notable aid in characterizing extended na
structured systems and graphitic defect structures. It se
that traditional organic chemical reasoning may be nea
extended in a very easy to use format to understand a va
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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of novel benzenoidp-conjugate networks, which are of eve
increasing interest.

ACKNOWLEDGMENT

Acknowledgment for research support is made to
Welch Foundation of Houston, Texas.

1J. W. Armit and R. Robinson, J. Chem. Soc.~London! 38, 827 ~1922!.
2L. Pauling and G. W. Wheland, J. Chem. Phys.1, 362 ~1933!.
3L. Pauling,The Nature of the Chemical Bond~Cornell University Press,
Ithaca, NY, 1939!.

4G. W. Wheland,Resonance in Organic Chemistry~Wiley, New York,
1955!.

5E. Clar,The Aromatic Sextet~Wiley, New York, 1972!.
6O. Kahn,Molecular Magnetism~VCH, New York, 1993!.
7Magnetic Properties of Organic Materials, edited by P. M. Lahti~Dekker,
New York, 1999!.

8J. H. Van Vleck and A. Sherman, Rev. Mod. Phys.7, 167 ~1935!.
9D. J. Klein, S. A. Alexander, W. A. Seitz, T. G. Schmalz, and G. E. Hi
Theor. Chim. Acta69, 393 ~1986!.

10W. T. Simpson, J. Am. Chem. Soc.75, 597 ~1953!.
11W. C. Herndon, J. Am. Chem. Soc.95, 2404~1973!; Thermochim. Acta8,

225 ~1974!.
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