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The molecular graph polynomials represent an important source of structural descriptors used in structure-
property models. New polynomials were developed in recent years, encoding in various ways the topological
information. The paper presents a review of the most important polynomials and spectra of molecular graphs.

INTRODUCTION

The molecular graph polynomials and their spectra were studied extensively in connection with
the molecular orbital theory of unsaturated compounds. Also, they represent an important source of
structural descriptors used in developing structure-property models.!* New molecular matrices were
defined in recent years, encoding in various ways the chemical structure; these matrices were used to
define polynomials, spectra and derived molecular descriptors which provided good structure-property
relationships. The paper presents a review of the most important molecular graph polynomials and spectra.

The Characteristic Polynomial

The characteristic polynomial Ch(G,x) of the molecular graph G is the characteristic polyno-
mial of its adjacency matrix A(G):*

Ch(G,x)zdet(xl~A)=ican"’ )

n=0
where I is the unit matrix of order N and ¢, is the n'™ coefficient of the characteristic polynomial.
A graph eigenvalue x, is a zero of the characteristic polynomial:

Ch(G,x)=0

for i = 1 to N. The complete set of graph eigenvalues x|, x,, ..., x forms the spectrum of the graph G,
Sp(A, G)= {x,i=1, 2, ..., N}. The molecular graph of 2-methylbutane (1) has the following characte-

ristic polynomial and spectrum:®

1
Ch(l) =%~ 4x3 + 2x

Sp(A,1) = {1.84776, 0.76537, 0.00000, -0.76537, —1.84776}
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The large number of molecular graph matrices can generate a huge set of related structural
invariants (polynomials, spectra, spectral moments, walk counts, topological indices). The problem of
denoting in a unique way every molecular invariant can be solved by using operators representing a
certain mathematical operation or algorithm. We define here the two operators which will be used in
the review. The characteristic polynomial operator Ch(M, G, x) represents the characteristic polynomial
of the matrix M of the molecular graph G:

Ch(M, G, x) = det (x] - M)

When M is the adjacency matrix the characteristic polynomial can be denoted Ch(G). The
spectrum operator Sp(M, G) represents the eigenvalues of the matrix M of the molecular graph G, or
the roots of the polynomial Ch(M, G, x).

The spectrum of the adjacency matrix A(G) of an arbitrary, simple graph G, is an isomorphism
invariant, i.e. Sp(A, G) remains unchanged under all permutations which cause the N vertices of G to
be relabeled. For a long time, it was thought that Sp(A, G) forms a complete set of isomorphism invari-
ants, i.e. that Sp(A, G) uniquely determines G up to isomorphism, until it was discovered that there
exists non-isomorphic graphs with identical spectra.®’

The Spectral Moment of order &, SM,, is defined as:

N
SM, =) x} =TrA* (2)

where the trace of the k'M power of the adjacency matrix is equal to:
N
TrA* =) (AY), 3)
i=1

An important result is the geometric interpretation of the equation (2). 8 The number of self-
returning walks of length k£ may be computed by considering the diagonal elements of the first £ powers
of the adjacency matrix A, due to the fact that each diagonal element (A¥), of the matrix A* can be
interpreted as the sum of all self-returning walks of length & from/to vertex v,. 5 The sequence of integers:

SRWAC, = {(A)),, (AD),, ..., (AN),} (4)

defines the Self Returning Walk Atomic Code of the vartex v, in a molecular graph.®
If a matrix A has the eigenvalues x,, x,, ..., Xy, then AF has the eigenvalues x%, x4, .., xk,

(k= 0,1, 2, ..., N). The Structural Code of the vertex v, (SC,) was defined as the summation of the

atomic code of the vertex v,:'

N

SC, = Z(A Z “SRWAC,

=1

where SSRWAC, represents the number of the self-returning walks of length £ from/to vertex v.
From expressions (2-4) one can readily obtain a relationship between the Kt spectral moment
and atomic codes:
N
SM, =Y 'SRWAC,
i=l

We denote the linear graph containing N vertices (representing linear alkanes) with Ly, and
the cyclic graph containing N vertices (representing monocyclic alkanes) with C. The characteristic
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polynomials and spectra of some L and Cy, molecular graphs are presented below.
Ch(L,) =1
Ch(L,)=x
Ch(L)=x%-1
Ch(L,)=x?-2x
Ch(L)=x%-3x2+1
Ch(L)=x%—4x?+3x
Ch(L)=x®-5x*+6x2—-1
Ch(L,))=ux"7~6x%+10x%-4x
Ch(Lg)=x8~7x®+ 15x% - 10x2+ 1
Ch(C;)=x3-3x-2
Ch(C,) = x4 —4x?
Ch(Cy)=x°-5x3+5x -2
Ch(C()=x®-6x*+9x%2-4
Ch(C,)=x7-Ta + 14x3 - Tx -2
Ch(Cy) = x* - 8x%+20x*— 1622
Sp(A.Ly) = {I,-1}
Sp(A,L;) = {1.41421, 0, -1.41421}
Sp(A,L,)= {1.61803,0.61803, -0.61803, -1.61803}
Sp(A,L,) = { 1.73205, 1,0, -1, -1.73205}
Sp(A,L,) = {1.80194, 1.24698, 0.44504, -0.44504, —1.24698, —1.80194}
Sp(A,L,) = {1.84776,1.41421,0.76537, 0, -0.76537, —1.41421, ~1.84776}

Sp(A,Ly) = {1.87939,1.53209, 1, 0.34730, -0.34730, -1, —-1.53209, -1.87939}
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Sp(A.Cy) = {2,~1, -1}

Sp(A,C,) = {2,0,0,-2

SP(A,C,) = {2, 0.61803, 0.61803, ~1.61803, ~1.61803}
Sp(A,C)={2,1,1,-1,-1,-2}

SP(A,C,) = {2, 124698, 1.24698, —0.44504, —0.44504, ~1.80194, ~1.80194}
SP(A.Cy) = {2, 1.41421, 1.41421,0,0,-1.41421, -1.41421, -2}

The characteristic polynomial of the graph Ly can be computed with the following recurrence
formula:

Ch(Ly) =xCh(Ly )+ Ch(Ly ,)

The computation of the characteristic polynomial for the general molecular graph is a difficult
numerical problem, and a wide range of methods were developed for the efficient and accurate determi-
nation of its coefficients: subgraph enumeration methods, recurrence relationships, graph decomposi-
tion, and linear algebra numerical methods.

1. The Sachs Method

The method developed by Sachs!! computes the coefficients of the characteristic polynomial
on the basis of the number of Sachs graphs:

¢, = 2 (-2 )
seS,

where s is a Sachs graph, S, is the set of Sachs graphs with n vertices, c(s) represents the number of
components in s, and r(s) is equal with the number of cycles in s. A Sachs graph is a subgraph from G
whose components are edges, cycles, or combinations of edges and/or cycles. The Sachs algorithm 1s
exemplified in Figure 1 for the molecular graph 2 representing methylcyclopropane.

LA LA
. A
LA

Fig. 1 - The Sachs method for the computation of the coefficients
of the characteristic polynomial for the molecular graph 2.
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According to the equation (5) the coefficients of the characteristic polynomial of the molecular

graph 2 are:
¢y = 1 (by definition)

¢ =
ey =(=1)' 20+ (-1 20+ (=) 20+ (~1)! 20 = 4
e, =(=1)!21=-2
c,=(-1)22%=1
The characteristic polynomial and spectrum of graph 2 are:!?
Ch(A,2)=x*-4x?-2x +1
Sp(A, 2) = {2.17009, 0.31111, ~1.00000, —1.48119}

2. Recurrence Relationships by the Decomposition of Graphs

A widely used method for the computation of the characteristic polynomial is the decomposi-
tion of a graph in smaller subgraphs by the deletion of a vertex or of an edge. The idea behind the use
of recurrence relationships is to reduce the graph G to smaller fragments for which the characteristic
polynomials are known or easier to compute with other methods. A large number of recurrence rela-
tionships were deduced in this way, with application both for the computation of the characteristic
polynomial and of the Kekulé structure count.>!3

The characteristic polynomial of a graph G, Ch(G), can be expressed as a linear function of the
characteristic polynomials of its subgraphs obtained after the removal of an edge e the vertices v, and

v, and all r cycles C, containing the edge el.j:]4

Ch(G)=Ch(G -¢ )~ Ch(G~v —v )-23Y Ch(G-C,)
L i J k
k=1

The expansion of the characteristic polynomial is given in the following equation in terms of
the characteristic polynomials of its subgraphs, corresponding to the decomposition of the graph G at

its vertex v,:1°

d; r
Ch(G) = xCh(G - v,)= > Ch(G ~v, ~v))~2Y Ch(G - C,)
7=l k=t

where the first summation goes over all 4, vertices adjacent with vertex v,, and the second summation

goes over all r cycles which contain vertex v,.
Let g be a vertex in the graph G and let / be a vertex in the graph H. The composed graph G-H

is obtained by identifying the vertex g with the vertex /. The characteristic polynomial of the composed
graph G*H is expressed by the following equation:!4:1¢

Ch(G-H)= Ch(G)Ch(H - h) + Ch(G - g)Ch(H) - xCh(G ~ g)Ch(H - h)
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Let G be a graph with g, and g, as two distinct vertices, and let H be another graph with /1, and
h, as two distinct vertices. We construct the composed graph G:H by identifying g; with A, and g, with
h,. The characteristic polynomial of the composed graph G:H is expressed by the following equality:'®

Ch(G: H) = Ch(G)Ch(H — h — ) +Ch(G - g,)Ch(H - 1)) +Ch(G - g,)Ch(H — b))+
+Ch(G - g, — £,)Ch(H) - x[Ch(C - g, YCh(H — h, — h)+Ch(G - g, YCh(H —h - hy) +
+Ch(G - g, - g,)Ch(H - h)+Ch(G - g, —-g,)Ch(H - )1+

+x*Ch(G — g, — g, YCh(H -y = 1) =2D Y Ch(G - P,)Ch(H - P,)
g h

where the summations are over all paths P, and P, from G and H, respectively, connecting vertices g,
and g,, with &, and h,, respectively.
Rowlinson introduced a very efficient equation for the computation of the characteristic poly-

nomial: !’
Ch(G) = Ch(G - ¢,) + Ch(G*e,) + (x ~ NCR(G - v, = v) - CH(G ~¥) - Ch(G —)

where G*e; is the graph obtained from the graph G —¢; by identifying the two vertices v, and v;.
The characteristic polynomial of a graph G can be expressed as a function of the characteristic

polynomials of its subgraphs obtained after the removal of an edge ¢, and vertices v; and vj:18
Ch(G)=Ch(G -¢;) - Ch(G ~v,-v))
~2[Ch(G -~ v)CH(G —v)) - Ch(G - ¢, )Ch(G - v, - vj)]”2

Kolmykov!® reported the following recurrence relationship for the computation of the charac-
teristic polynomial:

Ch(G) = xCh(G —v,)~ D Ch(G - v, ~v )~

-2 Z[Ch(G —~v, v, JCh(G —v, - v, )~ Ch(G v, )Ch(G - v, —v, —v, N
L'I(V‘

where the last summation goes over all pairs of vertices v, and v, which are adjacent to the vertex v,.
A new recurrence relationship was recently obtained for the characteristic polynomial:'’

1
Ch(G) = W[VZ, Ch(G-¢,)+ Z]:Ch(G —v, = v,)=2xCh(G - v,)]

where the summations go over all deg(v,) vertices v; which are adjacent to the vertex v,

3. Linear Algebra Numerical Methods

The computation of the characteristic polynomial using the expansion of the determinant from
eq. (1) is impracticable even for molecular graphs with more than ten vertices, due to the high amount
of computer time consumed. Various linear algebra algorithms were introduced to compute the charac-

teristic polynomial of large graphs.
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3.1. The Algorithm of Le Verrier
A very efficient method for the computation of the coefficients of the characteristic polynomial
is the recursive algorithm developed by Le Verrier.* The recursive formulae for computing the coetfi-
cients c,, of the characteristic polynomial of the molecular graph G are presented below:

c1=TrA

¢, =(1/2) (Tr A2 ¢, Tr A)

e, =(173)(Tr A* —¢; Tr A* - ¢, Tr A) (6)
c, = (k) (Tr A¥—c Tr A - . —¢, | Tr A)
ey =M (Tr AN —¢, Tr AN - — ¢ | Tr A)

Considering the relation between the spectral moment of order k, SM,, and the trace of the it
power of the matrix presented in eq. (2), the coefficient ¢, of the characteristic polynomial may be
expressed as:

= (1/k) (SM, — ¢, SM, | = ... = ¢, | SM)) )

3.2. The Frame Algorithm

Balasubramanian devised an efficient computer program?® for the computation of the charac-
teristic polynomial of graphs. He used the recursive method of Frame,?! which computes the coefficient
¢, of the characteristic polynomial using the following equation:

c,=(l/k)Tr A B, , 3)
where matrix B, _, is given by:
B, =A@, ,-¢, D ®

Balasubramanian applied the Frame algorithm to the computation of the characteristic polyno-
mial of molecular graphs representing polymers,?? weighted graphs?* and fullerenes.?*

3.3. The Fadeev Algorithm

A related recursive algorithm for the computation of the coefficients of the characteristic poly-
nomial is the one devised by Fadeev?’ using the following recurrence equation:

¢, = (1/k) Tr A, (10)
where the matrix A, is given by the relation:
A =AF—c ARl A (1

If one compares the basic equations of the three methods outlined in eq. (6-11), an interesting
fact is observed:2927 because eq. (7), (8) and (10) can be easily transformed among themselves, all
three of the above algorithms can be reduced to a unique method for computing the characteristic poly-
nomial of a chemical graph, denoted the Le Verrier-Fadeev-Frame (LVFF) algorithm.
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It is interesting to closely analyze the algorithm devised by Balasubramanian?® for computing
the characteristic polynomial. It is easy to notice that from the total computer time involved in mathe-
matical operations, the greatest part is consumed in the matrix multiplication subroutine. The computa-
tion of the N coefficients ¢, requires N~1 matrices B,. Each calculation of a matrix B, requires one
symmetric matrix multiplication, which gives a total of about N#2 multiplications and summations.
Due to the fact that all three algorithms, i.e. Le Verrier, Fadeev, and Frame, are related, the operation
count is O(N%) for all these algorithms. The LVFF algorithm is illustrated below for the computation of

the characteristic polynomial of the graph 2:

l.c0=l
01 00
1 0 1 1
A= = A,
01 01
01 1 0
2.¢,=TrA;=0
01 00 1 0 1 1
1 0 1 1 0 3 1 1
B, =A -¢l= A,=AB =
01 0 | 1 1 21
0110 1 11 2
3.¢,=(112)Tr A, =4
-3 1 0 0 o -t 1 1
BAIO~111 AAB—12 0
= —-C = = =
o 1 1 =2 1 } 10 2 -l
1 1 1 =2 1 0o -1 2
4.¢,=(1/3)Tr A;=2
21 1 1 -1 0 0 0
BAI—looo AAB0~1oo
= — C. = = =
S 1 0 0 -1 ¢ 1o 0 -1 o0
1 0 -1 0 0o 0 o0 -l
5.¢,=(114) Tr A,=-1
0 00O
0 0 00
B.=A~el=l4 6 0 0
0000

Ch(2) = x* — 4x2 — 2x + |

Searching for more performant algorithms, Tinhoefer and Schreck?® developed one with time
complexity O(N?) for computing the characteristic polynomial of a tree. Mohar?® devised a more effi-
cient algorithm for computing the values of the characteristic polynomial of a tree with a linear time
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complexity. If necessary, the coefficients can be determined in time O(N?). Despite their good time per-
formance, the above two procedures are not very general, due to the restriction to tree graphs.

Zivkovié*® proposed a more efficient method for computing the coefficients of the characteris-
tic polynomial: perform the Householder tridiagonalization of the adjacency matr ix A, apply the QR
algorithm in order to diagonalize A, and use a form of the LVFF algorithm to obtain the coefficients ¢,
of the characteristic polynomial. The great saving in computer operations comes from the fact that
since A is diagonal, all matrices B, are also diagonal, and each matrix multiplication is of the order N.
It is easy to estimate the operatlon count of the Zivkovi¢ algorithm: the Householder-QL diagonaliza-
tion requires about (2/3)N* + 30N? operations and the LVFF component of the algorithm requires about
N? operations. Hence, the operation count is O(N?), which is one order of magnitude less than the oper-
ation count in LVFF algorithm.

3.4. The Propagation Diagram Algorithm

The dual representation of a molecule, i.e. as a molecular graph or as a matrix, provides us
with the possibility to obtain efficient algorithms for computing molecular graph invariants by a proper
combination of graph and algebraic algorithms. A very attractive graphical method, the Propagation
Diagram Algorithm (PDA), was introduced by Burdett*!-3 for computing the spectral moments. This
method was connected by Ivanciuc® with the Le Verrier algorithm, providing a very efficient and rapid
procedure of computing the coefficients of the characteristic polynomial.

The PDA method for the computation of the characteristic polynomial consists of the follow-
ng steps:

(a) Each vertex of the molecular graph is given an arbitrary number from 1 to N.

(b) A vertex v, is selected as seed vertex and weighted with a Propagation Number (PN) equal

to one:

The remaining N — 1 vertices are weighted with PN equal to zero, Le. P‘V =0, withj = /.
©) PN , values in the kM iteration are computed for every vertex v, in the moleculal graph:

N,=YPN_,,

where the summation goes over all deg(v) vertices adjacent to the vertex v,. Step (c) is repeated until

PN, y is computed.
After finishing step (c), the row in the PN matrix corresponding to the seed vertex v, contains

the SRWAC of the vertex v, 1.e.
SRWAC,; = {PN_, PN, - PN}

After computing the SRWAC,, another vertex is selected as seed vertex and steps (b) and (¢)
are repeated until all N vertices in the molecular graph are selected as seeds vertices.

(d) The spectral moments are computed using the SRWAC values.

(e) Finally, the coefficients of the characteristic polynomial are computed using the Le Verrier
eq. (7).

We now estimate the operation count for the PDA method. Let deg(v,) denoted the degree of
the vertex v, in G, i.e. the number of edges incident with the vertex v. We define the average degree of

a graph as:

deg = 2E/N
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where E is the number of edges in the molecular graph. For a tree (a graph without cycles) E=N -1,
for a monocyclic graph Cy E = N, for a cubic graph E = 3/2N, while for the complete graph K, E =
NN -1).

For a graph with N vertices, without loops and weighted edges, the computation of the N prop-
agation diagrams requires a number of degaVN3 summations. For example, the evaluation of the propa-
gation diagrams for a monocyclic graph requires 2N? summations, while a cubic graph requires 3N°
summations. The greatest computational effort is required by the complete graph K, which requires N4
summations, but still remains faster than the Le Verrier algorithm, which requires a number of extra N*
multiplications. The Le Verrier component of the PDA requires about N? operations. Hence, the opera-
tion count is O(N?) for molecular graphs, when usually deg, lies between 2 and 3. All operations needed
for the computation of the propagation diagrams are integer operations, which are performed faster than
real numbers operations. Also, integer summations are performed more faster than integer multiplications.

The Zivkovié algorithm requires about (2/3)N3 + 32N? real numbers operations. Since the PDA
requires only integer summations, the fastest computer operation, and, as stated above, for molecular
graphs deg,, lies between 2 and 3, it follows that the PDA is faster even the Householder-QL proce-
dure, for molecular graphs. Another major advantage of the PDA is that it readily offers besides the
coefficients of the characteristic polynomial, the self returning walk atomic codes, structural counts and
spectral moments of the molecular graph. This ability makes the PDA a very attractive method among

the algorithms for computing the characteristic polynomial.

The SRWAC vectors of 3-methyloctane (3) computed with the PDA algorithm are presented in
Table 1. The molecular graph of 3-methyloctane has two topological distinct vertices with identical
SRWAC vectors, namely vertices 2 and 5. This kind of vertices are called endospectral vertices*® and
their study is linked with the degeneracy of the characteristic polynomial. From the SRWAC vectors of
3-methyloctane one readily obtains the structural counts, spectral moments and characteristic polyno-

mial of 3:
Ch(3)=x° — 8x7 +20x5— 17x> + 4x

Table 1

Self-Returning Walks Atomic Code (SRWAC),
Spectral Moments (SM) and Structural Code (SC)
of the Molecular Graph of 3-Methyloctane (3)

Atoms

kIl 1 2 3 4 5 6 7 8 9 SM
1 0 0 0 0 o 0 0 0 O 0
241 2 3 2 2 2 2 1 1 16
3}l O 0 0 0 0 0 0 0 O 0
4 2 6 11 7 6 6 5 2 3 48
ST 0 0 0 0 0 0 0 0 O 0
6 6 21 42 27 21 19 14 S5 11 166
71 o 0 0 0 0 0 0 0 O 0
8l 21 78 163 107 78 63 42 14 42 608
9 O 0 0 0 0 0 0 0 0O 0
SCl 30 107 219 143 107 90 63 22 57




