Revue Roumaine de Chimie, 1998, 43 (12), 1173-1179

CHEMICAL GRAPH POLYNOMIALS. PART 4.!
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The acyclic polynomial of molecular graphs representing cyclopropanes and cyclobutanes is investigated. Two
non-isomorphic graphs with identical acyclic polynomial are termed matching isospectral graphs. A large number
of matching isospectral graphs were found in the set of investigated graphs. Some of them are structurally relat-

ed, and can be generated from graphs with matching endospectral vertices.

INTRODUCTION

The molecular graph polynomials, spectra (eigenvalues), eigenvectors, and spectral moments repre-
sent an important source of structural descriptors used in developing structure-property models. Also, they
were studied extensively in connection with the molecular orbital theory of unsaturated compounds.

The paper presents investigations on the acyclic polynomial of molecular graphs for a collec-
tion of cyclopropanes and cyclobutanes. Two non-isomorphic graphs with identical acyclic polynomial
are termed matching isospectral graphs. A large number of matching isospectral graphs were found in
the set of investigated graphs. Some of them are structurally related, and can be generated from graphs
with matching endospectral vertices. The properties of matching endospectral graphs are presented.

THE ACYCLIC (MATCHING) POLYNOMIAL

The graph definitions used in this paper are presented below. A molecular graph is a represen-
tation of a molecule in which atoms are depicted as points (vertices), and chemical bonds are depicted
as lines (edges) joining the vertices. All N vertices of a graph G form the vertex set V, and the M edges
are elements of the edges set E. The subgraph G-v, is obtained from the graph G by deletion of vertex
v;, v, € V(G). The subgraph G-¢ is obtained from the graph G by deletion of edge € connecting two
vertlces v,and v, v,v. € F(G). The graph denoted (G,v;:a) is obtained from the graph G by inserting a
loop of welght a to vertex v;. The composite graph (GH vy v,), where v € V(G) and v, € V(H), is
obtained from graphs G and H by identifying their vertices Vg ‘and v,- A walk in a graph is a sequence of
edges which can be continuously traversed, starting from any vertex and ending on any vertex. Repeated
use of the same edge or edges is allowed. A self-returning walk is a walk starting and finishing at the
same vertex. The length of a walk is the total number of edges that are traversed.

A k-matching of a graph G is a subgraph of G consisting of & independent (i.e. mutually non-
incident) edges. If m(G, k) denotes the number of k-matchings of a graph G with N vertices, then the
acyclic (matching) polynomial of G is defined by the following equation:® °

N/2

Ac(G,x)= D) (~1)' m(G, k)x" (1)
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This polynomial plays an important role in statistical physics (theory of monomer-dimer systems),®® in
developing topological indices for quantitative structure-property relationships,” and in quantum orga-
nic chemistry (topological resonance energy).'®!!

A widely used method for the computation of the acyclic polynomial is the decomposition of
the graph in smaller subgraphs by the deletion of a vertex or of an edge. The idea behind the use of
recurrence relationships is to reduce the graph G to smaller fragments for which the acyclic polynomi-
als are known or easier to compute with other methods. The decomposition of the graph G at its edge ¢,
gives the following equality in terms of acyclic polynomials of the graph G, A¢(G), and its subgraphs:?

Ae(G) = Ac(G —¢) — A(G —v,~ V) (2)

The expansion of the acyclic polynomial is given in the following equation in terms of the acyclic
polynomials of its subgraphs, corresponding to the decomposition of the graph G at its vertex v 12

dl
Ac(G) = XAc(G ~v,) = D_Ac(G -v,-V,) (3)
j=
where the summation goes over all d, neighbours of vertex v,.
Let g be a vertex in the graph G and let / be a vertex in the graph H. The composed graph G*H
is obtained by identifying vertex g with vertex h. The acyclic polynomial of the composed graph G-H is

expressed by the following equation: !4
Ac(G-Hy= Ac(G)Ac(H — h) + Ac(G — g)Ac(H) —~ xAc(G - 2Ac(H-h) 4)

The acyclic polynomial is identical with the characteristic polynomial for trees (graphs without
cycles). This property and equation (2) were used by Ramaraj and Balasubramanian to develop an effi-
cient algorithm for the computation of the acyclic polynomial.'®

If graph G is modified by setting a loop with the weight a to vertex v, the following equality

takes place:'¢

Ac(G, v;:a) = Ac(G) — aAe(G - v) (5)

MATCHING ISOSPECTRAL GRAPHS

The characteristic polynomial is an important graph invariant, used to develop structural
descriptors, aromaticity and reactivity indices. Although it was initially conjectured that the characteris-
tic polynomial and its spectrum might be used as unique descriptors of graphs, nonisomorphic graphs
with identical spectrum, spectral moments and characteristic polynomial were found, and called
isospectral or cospectral graphs.!”"%}

Self-returning walks of length k may be computed by considering the diagonal elements of the
first k powers of the adjacency matrix A, due to the fact that each diagonal element (A%), of the matrix
A can be interpreted as the sum of all self-returning walks of length & from/to vertex v,. The sequence
of integers {(A)),, (A%),, ..., (AN),} defines the Self-Returning Walk Atomic Code (SRWAC) of the
atomv, in a molecule.?* The SRWAC characterizes the environment of a given atom in a molecule.

In certain cases, nonequivalent vertices in a molecular graph have identical SRWAC:s. Such
vertices are termed endospectral vertices, and the corresponding graph is termed an endospectral
graph.2-28 The concept of endospectral graphs is connected with the problem of isospectral graphs: in
an endospectral graph with v and w as the endospectral vertices any subgraph attached to either vertex v
or vertex w produces a pair of isospectral graphs.

In the case of the acyclic polynomial the existence of non-isomorphic cyclic graphs with iden-
tical acyclic polynomials is known. We designate such graphs as Matching Isospectral Graphs (MIGs).
Because the problem of Matching Endospectral Graphs (MEGs) and Matching Endospectral Vertices
(MEVs) was not investigated, we present here some results for molecular graphs representing cyclo-

propanes and cyclobutanes.
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Table 1

Acyclic isospectral molecular graphs derived from cyclopropane and their degenerate acyclic polynomial

Cyclopropanes with Identical Acyclic Polynomial x0 x! x* x3 x* x3 x8 x7 x2 X
1,2,3-M,¢C, 1-E-1-M-cC, 1 0 6 0 -6 0 I
1-E-2,2-M,-cC, 1iP-1-M-cC, o 2 0 10 0 -7 0 1
1-B-M-cC, i-sB-2-M-cC, 0 -4 0 12 o -7 0 1
1-B-1-M-cC, 1-sB-2-M-cC, 1 0 -9 0 17 0 -8 0o 1
12-E,-3M-cC,  1-E-1-P=cC, 1 011 0 17 0 -8 0 1
12-M2:2.PcC,  1-iP-2,3-M,cC, (1,1-M,-P)cC, o 0 -7 0 16 0 -8 0 I
1-E-2-P-cC, (1-E-P)-cC, 1 0 -12 0 18 o -8 0 1
1,2-P,cC, (1-E-B)-cC, 0 5 0 -24 0 25 o 9 0 l
1-iP-2-P-cC, (1-E-2-M-P)-cC, 0 2 0 -20 0 24 0o -9 0 !
112-M;-2-PcCy  1-B-1-E=C, 0 0 0 13 0 21 0 9 0 |
1,1,2-M;-3-PcC, 1-E-2-iP-2-McC, 0 2 0 -16 0 22 6 9 0 I
1,2-6,33-M,¢C,  1-E-1-iP-2-M=C, 0 2 0 -17 0 2 0 9 0 |
1-iB-1,2-M,<C, 1-1B-2-E-cC, 0 o 0 -13 0 22 0o 9 0 1
1$B22MycC,  1-(1,2-MyP}1-M<C, 1-(11-MyP)2-M<C, 0 2 0 14 0 2 0 9 0 |1
1-B-2.2-M,<C, 1-E-1-iB<C, 0o 2 0 17 0 25 0 -9 0 |
1-iB-2,3-M,-¢cC, 1-(1,2-M-P)-2-M-cC, 0 2 0 16 0 23 o 9 0 1
1-3-M-B)-1-M=cC; (2,2-M,-B)~cC, 0 2 0 15 0 23 0 -9 0 I
1-(3-M-B)-2-M-cC,  (2,3-M,-B)C, 0 2 0 18 0 24 0 9 0 I
1-A-1-M-cC, (1,2-M,-B)-cC, 0 4 0 20 0 2 0 -9 0 I
1-(1-E-P) 1-M-cC,  (1-E-1-M-P)-cC, O 4 0 19 0 23 0 -9 0 1

0 5 0 -21 0 24 0 9 0 i

1-sB-2-E-cC3 1-(1-E-P)-2-M-cC;

The acyclic polynomials of 142 cyclopropanes between C;H, and C,H ¢ were computed by
decomposing the molecular graph in acyclic fragments with equation (2), followed by the computation
of the characteristic polynomials of the fragments with the Le Verrier-Fadeev-Frame algorithm.? By
comparing the acyclic polynomials we have identified the MIGs reported in Table 1 together with their
corresponding polynomials. For such a small collection we have identified a fairly large number of
degenerated polynomials: 19 pairs of M1Gs and 2 triplets of MIGs.

Table 2
Acyclic isospectral molecular graphs derived from cyclobutane and their degenerate acyclic polynomal
Cyclobutanes with Identical Acyclic Polynomial X X! 2 ¥ x x x X7 oxE X

1-E-3-M-cC, iP-cC, 0 -4 0 12 0o -7 0 1
1-E-2,2-M,<C, 1-iP-1-M-cC, o o & 0 16 o0 -8 0 1
1-E-3,3-M,-cC, tB-cC, 0 0 -6 0 6 o -8 0 1
1-E-2,4-M,-cC, 1-M-1-PcC, 0 0 -10 0o 17 o -8 0 1
1,3-E,-cC, sB-cC, 2 0 -12 0 18 0 -8 0 ]
1-E-2,3,4-M;cC, 1,1-E,-3-M-cC, 0 4 0 -19 0 23 0o -9 0 1
1-E-2,2,3-M;-cC, 1-iP-1,2-M,<C, 0 2 0 16 0 22 0 -9 0o 1
1-iP-1,3-M,-cC, 1-iP-2,2-M,-¢C, 0 0 0 -14 0 22 0o -9 o 1
1-P-3,3-M,cC, 1-iB-1-M-cC, 0 0 0 16 0 23 0o -9 0 1
1-P-2,3-M,-cC, 1-E-2-iP-cC, 1-B-1-M-cC, 0 4 0 -21 0 24 0 -9 0 1
t-P-1,3-M,cC, 1-iP-2,4-M,<C, 0o o0 0 -17 0 23 0 Y 0 |
1-E-3-iP-cC, 1-sB-3-M-cC, (1,2-M,-P)-cC; 0 4 0 20 0 24 0 -9 0 1
1,3-E,-1-MC, (1,1-M,-P)-cC, 0 4 0 -18 0 23 0 9 0 1
1-B-2-M-cC, (1-M-B)C, 0 6 0 -24 0 25 0 -9 0 1

0 0 0 0o -9 0 1

1-iP-3,3-M,-cC, 1-B-3-M-cC, 0 -12 22

The acyclic polynomials of 93 cyclobutanes between C Hy and CjH,  were computed with the
same method used in the case of cyclopropanes. By comparing the coefficients of the acyclic polyno-
mials we have identified the MIGs presented in Table 2 together with their corresponding polynomials.
The degeneracy phenomena are quite frequent for cyclobutanes also, and we have found 13 pairs of

MIGs and 2 triplets of MIGs.
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MATCHING ENDOSPECTRAL VERTICES

An inspection of the molecular graphs with identical acyclic polynomials presented in Tables |
and 2 reveals that certain pairs of degenerate graphs are structurally related, and can be obtained from a
common graph G which has two topologically nonequivalent vertices v and w with the property that
any subgraph H connected in turn to v and w gives a pair of MIGs. We denote such vertices v and w as
matching endospectral vertices. A graph containing a pair of MEV:s is called an matching endospectral

graph. Below we present the properties of matching endospectral vertices.
Two topologically nonequivalent vertices v; and v, v,,v; € (G), are matching endospectral, if

the following three conditions are true:
(1) by deleting both vertices v; and v, in turn the graphs G — v, and G ~ v; are matching isospectral:

Ae(G - v) = Ac(G - vj) (6)

(2) by weighting both vertices v, and v, in turn with a loop with weight a the graphs (G, v;: a) and (G, v, a)
are matching isospectral:

Ac(G, vza)= Ad(G, vj:u) (7)

(3) by connecting a graph H with its vertex v, to both vertices v; and Vi in turn the graphs (G°H, v;v,)
and (G-H, vj.-vh) are matching isospectral:

Ac(G-H,vyv)=Ac(G-H,vvy) 8)

Consider that equality (6) holds. Then from equation (5) we obtain equation (7), and from equation (4)
we obtain equation (8). Equation (8) defines the general method of generating MIGs from an MEG.

v v
w
w
G1 G2
‘)
w W
3 G4
\4
w g
W
Fig. 1. .- Matching endospectral graphs derived from

cyclopropane. Endospectral vertices v and w are

G
1%
GS G6 depicted as black circles.
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A search in the collection reported in Table | of MIGs derived from cyclopropane gives the set
of MEGs presented in Fig. 1. Equation (6) is verified for all graphs G,-Gy:

A(G, —v) = Ac(G, - w) =1 — 4y’ + 3x
Ae(G, ~v) = Ae(G, - w)=x" - 5x>+ 53} ~x
AC(G, —v) = Ac(G, - w) = x7 ~ 635 + 93 = 2x
Ac(G,—v) = Ac(G,— w) =17~ 6x° + 9x* ~ 2x
Ac(Gg—v) = Ac(G-w) = xT—5x%+ 723 - 3x
AS(G, —v) = Ae(G,— w) =xT— Tx5 + 12x — dx

The MEG G, can generate MIGs by using the constructive method defined by condition (3)
when a graph H is connected in turn with its vertex v, to both vertices v and w from G;: when His
methyl, one obtains MIGs 1-M-2-P-cC; and sB-cC,; when H is ethyl, the generated MIGs are 1-E-2-P-
cC, and (1-E-P)-cC;; when H is propyl, the corresponding MIGs are 1,2-P,-cC, and (1-E-B)-cC;; when
HlS isopropy]l, the resultmg MIGs are 1-iP-2-P-cC, and (1-E-2-M-P)-cC;.

The MEG G, is obtained from MEG G, by connecting a methyl group to both MEVs v and w
and retaining the endospectral vertices. When H is methyl G, generates MIGs 1-sB-2,2-M,-¢cC, and
1-(1,1-M,-P)-2-M-cC,.

By connectmg in turn a methyl group to the two MEVs in G, one obtains the MIGs 1-1B-2,3-
M,-cC; and 1-(1,2-M,-P)-2-M-cC;. The same procedure applied to MEG G, gives MIGs 1-(3-M-B)-2-
M-cC; and (2,3-M, B)—cC3, while from G, one obtains MIGs 1-(1-E-P)-1 M ¢C, and (1-E-1-M-P)-cC;.

v

v A

T O

G7 G8

Fig. 2. — Matching endospectral graphs derived
from cyclobutane. Endospectral vertices v and
w are depicted as black circles.

Go Gio

1

w
G11

The MEG G is obtained from MEG G, by connecting a methyl group to both MEVs and
considering the new endospectral vertices v and w situated on the primary carbon atoms. When His

methyl G generates MIGs 1-sB-2-E-cC; and 1-(1-E-P)-2-M-cC;.
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In order to identify MEGs derived from cyclobutane we have investigated the collection of MIGs
reported in Table 2, and five MEGs are presented in Fig. 2. Equation (6) holds for all graphs G,—G

A(G, - v)= A(G, ~ w) = x5 — 42> + 2

Ac(Gg —v) = Ac(Gy— w) =17 - 6x54 + 8%~ 2x
Ac(Gy—v)= Ac(Gy - w)=x7 - Ta*+ 1227 — 4
Ac(Gy—v) = Ac(Gyy—w) =7 — 6x° + 10x — 4x
Ac(G, —v) = Ac(G,, — w) =27 - 5x° + 4’

The MEG G, is obtained from MEG G, by connecting a methyl group to both endospectral
vertices and considering the new endospectral vertices v and w situated on the primary carbon atoms.
The MEG G,, is obtained from MEG G, by a similar procedure, but with the retention of the the

endospectral vertices v and w.
Condition (3) applied to MEG G, can generate a series of structurally related MIGs: when H is

methyl, the resulting MIGs are 1-E-3-M-cC, and iP-cC; when H is dimethyl, the corresponding MIGs
are 1-E-3,3-M,-cC, and tB-cC,; when H is ethyl, the generated MIGs are 1,3-E,-cC, and sB-cC,.

By connecting in turn a methyl group to the two MEVs in G one obtains the MIGs 1-sB-3-M-
cC, and (1,2-M,-P)-cC,. The same procedure applied to MEG G, gives MIGs 1-E-3-iP-cC, and 1-sB-
3-M-cC,, from G,, one obtains MIGs 1-B-2-M-cC, and (1-M-B)-cC,, while from G, the correspond-
ing MIGs are 1-iP-3,3-M,-cC, and 1-tB-3-M-cC,.
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