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THE LAPLACIAN POLYNOMIAL OF MOLECULAR
GRAPHS
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The Laplacian polynomial of molecular graphs representing saturated acyclic
and cyclic hydrocarbons is investigated. The expansion of the Laplacian polyno-
mial of an acyclic molecular graph in a series of homologous compounds is expressed
in terms of the Laplacian polynomials of the precedents terms in the series, ena-
bling the rapid computation of the polynomial for large graphs. Some expressions
were derived for the Laplacian polynomial of molecular graphs representing 2-me-
thyl, 3-methyl, and 2,2-dimethylalkanes in terms of the Laplacian polynomials
of linear graphs. The existence of nonisomorphic graphs with identical Laplacian
polynomial was investigated for 4-trees, representing alkanes, up to 12 vertices.
Six pairs of Laplacian isospectral 4-trees were found, the smallest pair having 11
vertices.

INTRODUCTION

Graph theoretic polynomials are important molecular graph inva-
riants,2—¢ representing a convenient way of expressing the bonding topo-
logy of a molecular graph.

By removing all hydrogen atoms trom the chemical formula of a
chemical compound containing covalent bonds we obtain the hydrogen-
depleted graph (or molecular graph) of that compound, whose vertices
correspond to non-hydrogen atoms. In the particular case of hydrocarbons
the vertices of the molecular graph denote carbon atoms.

A pumber of useful graph definitions will be introduced. Let
G = (V, E) be a graph G, without loops and multiple edges. All N ver-
tices of a graph form the vertex set V. = V(G), and the M edges are ele-
ments of the edge set B = E(G). The adjacency matrix of the graph
G, A = A(G), is the square N X N symmetric matrix which contains
information about the connectivity of the vertices in G. Its entries are
defined as:

(A)y = {1 i (1, §) < B(O)
0 if (i, j) ¢ E(G)



1500 \ Ovidiu Ivanciuce

The characteristic or spectral polynomial Ch (G, x) of the molecular
graph G is the characteristic polvnomial of its adjacency matrix :2-4

Ch(G, x) = det (xI — A) (1)
where T is the N x N unit matrix.
In the present paper we will investigate the properties and the

applications of a less used graph theoretical polynomial, namely the
Laplacian polynomial of a molecular graph.

THE LAPLACIAN MATRIX

The degree deg(i) of a vertex i € V(@) is the number of edges ineci-
dent to i. Denote by DEG{@) the diagonal matrix with its ii-entry equal
to deg(i). The matrix

I(G) = DEG(G) — A(G)
is called the Laplacian matrix.® The elements of the Laplacian mairix are
deg(i) if i =]
Ly =({—1 it (i, j) e B(G)

g

L 0 it (i, j) ¢ B(G)

As example, the molecular graph and the Laplacian matrix of
3-maethylhexane (T) are given below. This graph is the smallest iden-
tity tree because its only symmetry operation is the identity (no vertices
are equivalent) and it has the smallest number of vertices among all
identity trees.

1 -1 0 6 o 0 0
-1 2 -1 0 0 0 0
—1 3 -1 0 0 —1

¢ —1 2 -1 0 0

0 0—-1 2 —-1 0

0 0 0 —1 1 0

0o —1 0 o0 0 1

L(T) =

(oo R e B i B e B o

A

Let us mention that the Laplacian matrix L is sometimes called
the Kirechhoff matrix due to its role in the spanning tree theorem of
Kirchhotf. -3






