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Analytical formulae are presented which
enable the computation of a set of graph
theoretical invariants, for example AZDEG-LOIS,
for a generalized linear and cyclic molecular
graph, representing linear and monocyclic

chemical compounds.
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1. INTRODUCTION

The central problem in theoretical chemistry is the
deduction of molecular properties fram t he structural
features of molecules. The first level of information about
t he molecular structure considers the atom—to—atom
connectivity or  topology of a molecule, disregarding
ageometrical features such as bond lengths, bond angles, and
torsional anales.

Malecular  topology determines  a larage number of
molecular properties ranging from physico-chemical and
theymodynamic properties to chemical reactivity and
biological activity. In this respect, chemical applicatieons
of graph theory have undergone dramatic expansions in recent

2-7
years.

From a practical point of view, a convenient way of (at
least, partly) characterizing (and thereby, in a way,
expressing)} the topology of a chemical structure is
represented by a significant class of graph invariants,
usually referred to as topological iru:iices.aﬁ12 A topological
index is a numher which expresses some characteristic
feature of the bonding topology of a molecule.

A graph (mnlecular graph) is a one-to-one mapping of a
structure in which atoms are represented by points called
vert ices, and the chemical bonds  are represented by lines
{ edages } Jjoininag the vertices. All N vertices of a graph G
form the vertex set V = U(G), and the M edges are elements ot
the edges set E = E{G). A tree is a araph without cycles. A
k-tree is a tree with the maximum degree k. In chemical graph
theory alkanes are represented as 4-trees. DEG( ¢ ) denotes the

dearee of the vertex 1 in G, 1.e. the number of edges
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incident with the vertex t.

The topology of a chemical structure can be coded in
matrix form by the use of the adjacency matrix.13 The
adjacency matrix of a graph G with N vertices, A(G) = A, is
the square NxN symmetric matrix which contains information

about the connectivity of vertices in G. Its entries are

defined as:

1, for vertices i, j adjacent

i7 .
J 0, otherwise

The sum of entries over vow ¢t or column ¢ in A(G) Iis
DEG(1). As example, the molecular graph of 3-methylhexane (T)
is given below. This graph 1is the smallest identity trce
because its only symmetry operation is the identity (no
vertices are equivalent ), and it has the smallest number of

vertices among all identity trees. 7

PPN

1 23 75¢
T
Another possibility of (partly) encoding the topology of
a chemical araph uses agraph theoretical polynomials,l4 which
play a significant role in the area of topological chemistry,
with applications to diverse areas such as the topological

15,1 \
& and the topological effect on

resonance energy (TRE)
molecular orbitals (TEMO).I? The characteristic polynomial of
a graph is expressed as follows:

Ch(x,G) = det|x'1 - A (1)
where 1 is the unit matrix. L{(x,N) will denote the

characteristic polynomial of a linear graph consisting of N

vertices.
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We will make use of the generalized characteristic

, . 18
polynomial, vecently defined and used in the context of
e and Ulam’s conjecture on
_ . ) . 21 .
reconstruction of the characteristic polynomial . The

. ) 1
spanning-tree enumeration

generalized characteristic polynomial of a graph with N
vertices is defined as:

Ch(X,N) = det X ~ A (2)
where X is a diagonal NxN matvrix of vertex parvameters, with
variable diagonal elements x5 ( where, in chemical
applications, xiixtj ) while xij::O if 2.

For a linear graph with N vertices, L(X,i:j) will denote
the generalized characteristic polynomial of the subgraph of
the linear graph which consists of the vertices between
vertices t and j, including both these vertices. The matyix
of vertex parameters X is labelled from i through j, and the
element Xk (¢ € k £ j) is the parameter associated with the
vertex k. If ¢ > j then by definition L(X,i:j)=1, and if
v = j, then L{X,i:1} = X Alsa, if J=14+1, t hen
L{X,12)) = xii'xjj —- 1.

For a linear graph consisting of four vertices, with the

matrix nf vertex parameters X:

- -

xll 0] 0 0
x =% Yo ©
© 0 33 ©

“ 0 0 0 x44 ‘

the generalized characteristic polynemial is given by the

following equation:

LiX,1:4) = X, X

X, X - XX XX X_, X
11 22 33 44 11 22 11 44 33 44
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2. TOPOLOGICAL INDICES: GRAPH POTENTIALS

A new class of vertex topological indices, called graph

potentials UWG), were defined as the solutions of the system
2

4 . F iy i
of linear equations

F-U (3)

n
L)

where F is a square NxN matrix and U and £ are column
vectore. The graph topological matrix F(G)==(fij) of the

graph G is calculated according to the expression

0 if ¢t # j and eij & E(G)
f..={ -w., if i # j and €y € E(G) (4)

Wt )N Wi 1F =1

where Wy > 0 is the weight of the vertex i, and wij > 0 is
the weight of the edge eij' In the simplest case all weights
are set equal to t, then
0 if ¥ # j and ei} € E(G)
f = -1 if 1 # j and eij e EF(G) (5)
1 + DEG(v) if @ = j

The matrix F defines the graph G up to isomorphism. Let
A(G) be the adjacency matrix, I be the NxN identity matrix,
and B(G} = (bij) the degree matrix, i.e., the diagonal matrix
with bii-: DEG(1). Then the F matrix can he rewritten in t he
form

F=B A+ I (6)
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Different wvertex invariants can be selected as
components of the column vector C. Due to the fact that the F
matrix determinant is always greater than zero, equation (3)
always has a unique solution and there always exists ithe
inverse matrix H = F_l.

Extensive computations showed that the diagonal of the H
matyix

D =¢(h ho,s === B, ) (7)

is a very sensitive vertex invariant that discriminates
topologically nonequivalent vertices of many regular graphs.
Therefore sensitive vertex potentials are obtained by the

T

solution U = H'D of the system of linear equations
T
F'U=D (8)
where DT (a column vector ) is the transpose of D.
The system of linear equations (3), with weights all
equal to 1, is exemplified for the tree T. The vector C was

considered the vector DT.

[ ou -, = 0.61473 3 u, = 0.55340
- +3u - U = 0.45892 ;3 u_, = 0.49206
- u, H4u — U - u7 = 0.346827 : u3 = 0.46386
+3 - U = 0.43909 ; = 0.46714
1 u3 u4 5 3 u4

— u. +3 - = LA7025 5w = 0.49847

4 us u6 0.47025 . 4
- u. +2u = 0.61756 ‘u6 = 0.55802

- +2y = 0.59207 5 u_ = 0.5279
\ 3 4 5 7 ~ 5 &
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3. LOCAL VERTEX INVARIANTS

Independently, a more general class of vertex
23 \ .
topological indices were investigated. These invariants

were obtained as the solution of the system of linear
equations

Qs (9)

i
e

where @ is a matrix derived from a graph topological matrix,
R is a column vector, and § is the column wvector of LOcal
Vertex Invariants (LOVI ). Matrix @ is derived from a graph
topological matrix M, by replacing its diagonal elements mii
{associated with vertex 1) with the components P, of a
nonzero column vector P describing a certain property of
vertices in the graph G. The vertex property encoded in the
column vectors P and R can be either topological, e.g. the
vertex degrees, the distance sums, the total number of
vertices in the graph, or chemical, e.g. the atomic number,
clectronegativity, ionization potential, etc. A simple way to
denote the system (?) and the type of LOVUI obtained is by a
three—element notation MPR., where M rvepresents the type of
graph topological matrix, P the vertex property toc be
introduced on the main diagonal of the matrix M, and R the
type of parameters used as free term. For example, the LOVI
obtained using the adjacency matrix A, the atomic number Z as

the property P, and the vertex degree DEG as property R, is

denoted by AZDEG.
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rhe system of linear equations (9} is exemplified for

the tree T:

[ 65+ s, =1 5 5 = 0.12589
s, +6s? + s =2 3 52 = 0.24466
s tb65_ + S5 t 5, = 3 53 = 0.40614
s  +&5  + = ; = 0.21%9
4 2 s 2 54 1954
& +68_ + 5 = 2 3 95 = Q.276565
s _ +é6F = 1 s s = 0.,.12056
5 &
s +65_. = 1 ;5. = 0.09898
\ 3 7 T Ty

By using various mathematical operations with the set of
LOVI, a large number of topological indices is generated.
Excellent correlations were obtained for the boiling point
and vaporization enthalpies of alkanes using a topological
index resulting from a simple summation of the local vertex
invariants of the type AZDEG.- This and other correlations,
with NMR chemical shifts, liquid phase density, partial molal
volumes, motor octane numbers of alkanes or cavity surface
areas of alcohols, emphasize the potential of this
approach.23

On the basis of LOVI, one may devise a wide variety of
topological indices, characterizing the whole molecular graph
by a single number. The devised topological indices are
axpected to correlate with experimental molecular data, in a
similar manner as the indices obtained on the basis of AZDEG.

hie endeavoury is being done in our garoup.
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4. ANALYTICAL FORMULAE FOR LOVI

We will present, for vertex-weighted linear and
monocyclic graphs, some analytical formulae for LOVI of the
type APR, where A represents the adjacency matrix of the
molecular graph, while the column vectors P and R represent
certain properties of the vertices in the molecular graph.

We will solve analytically the linear system APR
according to Cramer’s rule:

L

LDUIL. = = (10)

where A is the determinant of the matrix Q of the linear
system matrix of equations, and Ai is the determinant
obtained from the matrix @ by replacing its it-th column with

the column of the constant terms of the system, the vector R.

For a linear graph with N vertices of equal weight, all
diagonal elements of the X matrix are equal, i.e. xll =X ., =
= ... =X = x, and the value of the determinant A is equal

R '
25-28
to:
4 = L{x,N) (11)

while Ai is expressed by the equation:

i

Ai = ﬁgﬂ (1)LhﬂRj;L(x,N"i}'L(x,j?l) +
LT——--.*'

7=1 (12)

Z

HJ'RJ.-L(x,L'l)-L{x,N—j)



- 160 -

It ftoilows that:

Lovl, = (-1 )H‘]-R-}.'L(x,Nfi)-L(x,j—]) +
J=1 -
N {13)
+ (-1 )HJ-RJ.-L(x,i—l VoL N-) L LO N
J=i+1

For a vertex-weighted linear graph, the analytical
formula for LOVI is obtained in a gimilar manner:

)

LovL, = (—1)L+J'RJ'L(x,i+1:N)‘L(X,1=j"1) +
J=1
N (14)
+ (wl)L+J-RJ,L(X,1:i—1)-L(X,;?l:N) -L()(,l:l‘»l)_1
J=i+1

TABLE 1 presents the AZDEG-LOVI values for a few linear
molecular araphs of N-alkanes ( for carbon, Z = &) and  of
theiy heteroatom derivatives: amines, alcohols and ethers
( for nitrogen and oxigen, Z values are 7 and 8,

respectively ).
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TABLE 1. AZDEG LOVI for linear molecular graphs containing

C, N, and O.
Graph AZDEG L.OVI
c-C-C D.1176 0.2941 0.1176
c-Cc-Cc-C 0.1220 0.268B3 0.2683 0.1220
c-c-C-Cc-C 0.1212 0.2727 0.2424 0.2727 0.1212
C—C-C-C-C-C 0.1213 0.2720 0.2469 0.24469 0.2720 0.1213
N-C-{-C-C 0.1035 0.2758 0Q.2419 0.2728 0_.1212
C—N-C-C-C 0.1280 0.2318 0.2494 0.2715 0.1214
C-C-N-C-C 0.1202 0.2790 0.20460 0.2790 0.1202
a-C—-C-C-C 0.0902 0.2780 0.2415 0.2729 0.1212
C-0-C-C-C 0.1331 0.2015 0.25446 0.2706 0.1216
C-C-0-C-C 0.1194 0.2836 0.1791 0.28356 0.1194

For a cyclic graph,

denoted by C ,

N

consisting of N

vertices of the same type, we can express A with a recurrence

formula:

A(CN)

LOx,N) =~ L(x,N-2) — 2:(=1)

(15)

Hence we obtain the following expression for LOVI:

N

LUUI1 = Rl-L(x,N—l) + (-1 )JH-RJ, LOx,N-)) +

J=2

(16)
N N] !
+ (~1) L{x,j-2) '[L(X,N) - L(x,N-2) — 2:(-1)

For the vertex—-weighted monocyclic graph we obtain the

following analytical formula for LOVI:
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JH1

LoV, = RI'L(X,2=N) + (-1) 'Rj L{X,JF¥1:N) +

; 17
= (17)

-1
e oMLz~ L (XL 1N - WX, 2N - o (=1 )

By a cyclic permutation of the numbering of vertices 1in
the cycle, all LOVI values may be computed.

TABLE 2 presents the AZDEG-LOVI wvalues for five- and
six-membered monocyclic heterocompounds represented by graphs
Gl and GE’ with one heterocatom Y, where Y represents B, N,
and 0O, respectively. All the AZDEG-LOVI values tor

cycloalkanes are equal to 0.25, irrespective of the number of

carbon atoms in the cycle.

! /
5¢0YN2 X
674‘:_j3 g 552

4

TABLE 2. AZDEG LOVI for five- and six-membered monocyclic

molecular graphs containing B, €, N and 0.

Graph AZDEG LOVY

c{B-C } Q.3037 .2408 0.2513 0.2513 0.2408

A

c(B-C_) 0.3037 0.2408 0.2516 0.2495 0.2516 0.2408

o

c(N-C ) 0.2125 0.2564 0.2491 0.2421 0.2564

I

c({N-C_) 0.21:24 0.25464 0.2489 0.2504 0.2489 0.:2564

n

c(0-C,) 0.1847 0.2611 0.2484 0.2484 0.2611

N

C(U_Cﬁ) C.1847 0.2612 0.2480 0.2507 0 .2480 0.2612
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