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An alternative formulation of the Sachs formula which relates the structure of a gene-
ralized graph and its 4, and acyclic ploynomials is given. Some recurrence rélations for
the generalized , characteristic and acyclic polynomials are presented.

1. INTRODUCTION

The graph theoretical polynomials! play a significant role in the
area of topological chemistry, with applications to diverse areas such as
the topological resonance theory (PRE) 23 and the topological effect on
molecular orbitals (TEMO).¢ The most used graph theoretical polynoc-
mials are the characteristic, the acyclic (matching) and the p-polynomial.
We will present a slightly different formulation ef the Sachs formula
applied to generalized grarhs. fcme expressions for the generalized p,
characteristic and acyclic folyncmials ate chtaired.

2. NOTATION AND TERMINOLOGY

We shall use the stardard graph notation ard texminolcgy. G will
denote a graph with »n vertices: v,, 5, ..., v, m edges and r cycles:
0,, Cs ..., C,. We denote by # the weight ascociated to the cycle C,.
The edge connecting the vertices v; and v; is denoted by e;;. The sub-
graph G —v; is obtained from the graph G by deletion of the vertex v;.
The subgraph G —e,; is obtained from the graph G by deletion of the edge
¢y. The subgraph G — C, is obtained from the graph G by deleting all
the vertices of the cycle C;. Two cycles, C; and €, are disjoint if they
have no vertex in ccmmon. We will denote by g, the degree (the number
of neighbours) of the vertex ..
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Phe characteristic polynomial of the graph G may be eX pressed as
follows

Ch(@, ) = det |[s1 — A| = %‘ N " (1)

n=0

where I is the unit matrix and A is the adjacency matrix of the graph G.5
The coefficients a, of the characteristic polynomial Ch(G, z) may
be computed without using the unpractical procedure of the expansion
of the determinant but from the topology of the molecular graph. Such a
procedure was given by Sachs® in the following expression :

an = Y (— 1)2r® | @)

s€5,

where s is a Sachs graph, 8, is the set of all Sachs graphs with » verti-
ces, ¢(s) is the total number of components in s, and r(s) is the number
of cycles in s. The components of a Sachs graph are combinations of
isolated bonds (K,) and cycles (0.). Recently the Sachs formula was
extended to vertex-weighted graphs 7% and to vertex- and edge-weight-
ed graphs®1 that is to say to those graphs which may be used to
represent heteroconjugated molecules.
Hosoya defined ? the acyclic (mabching) polynomial as:

Ac(G, z) = ﬁ (—1)¢P(G, k)x¥ 28 3)

k=0

Wwhere P(@, k) is the number of ways of choosing k]disjoint edges from @.

From the two definitions one could hardly anticipate any connec-
tion between Ch(G, x) and Ac(@, ). This connection is done by the u-
polynomial, u (G,t, «), which continuously transforms Ac(G, z)into Ch(G, x)
when the parameter ¢ changes from zero to unity. Gutman and FPo-
lansky defined ! the p-polynominal as

w61, 2) = Y (— DOz (s) )

7%=0 SES”

where T(s) is the product of the individual weights of the r(s) eycles of
the Sachs graphs s.

3. THE GENERALIZED GRAPH AND POLYNOMIALS

The generalized (vertex- and edge-weighted)1® graph G,is a graph
which has the loop 1, located at the vertex v, weighted with the quan-
tity a, and the edge ¢;; weighted with the quantity d,. We define the gene-
ralized set of Sachs graphs as the set formed by loops L, isolated bonds






